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In t h i s work, we have deve loped a new approach to the problem of a 
s i m p l e sys tem i n t e r a c t i n g w i t h a quantum r e s e r v o i r when the i n t e r a c t i o n 
can be d e s c r i b e d by V = AB, where A i s an o p e r a t o r f o r the s i m p l e s y s t e m , 
B i s an o p e r a t o r f o r the r e s e r v o i r . A f t e r d e f i n i n g a cumulant expans ion 
of the reduced d e n s i t y o p e r a t o r P s ( t ) f o r the s imple s y s t e m , we show t h a t 
the second cumulant i s the o n l y n o n - v a n i s h i n g cumulant f o r a r e s e r v o i r of 
n o n - i n t e r a c t i n g b o s o n s . A scheme f o r o b t a i n i n g s u c c e s s i v e approxima-
th 
t i o n s to the e q u a t i o n s of mot ion f o r P g ( t ) i s found i n which the n a p -
th 
p r o x i m a t i o n i s o b t a i n e d from the ( n - 1 ) approx imat ion by the a d d i t i o n 
th 
of a term r o u g h l y p r o p o r t i o n a l t o the (2n-l) power of the p r o b a b i l i t y 
t h a t the system makes a t r a n s i t i o n in a t ime i n t e r v a l o f l e n g t h t c , the 
r e s e r v o i r r e l a x a t i o n t i m e . In t h e s e e q u a t i o n s , r e s e r v o i r v a r i a b l e s occur 
o n l y as c o r r e l a t i o n f u n c t i o n s of b i l i n e a r combinat ions o f r e s e r v o i r o p e r ­
a t o r s in the i n t e r a c t i o n p i c t u r e . 
The f i r s t o r d e r a p p r o x i m a t i o n to the d e n s i t y o p e r a t o r e q u a t i o n of 
mot ion i s a p p l i e d t o the c a s e when the s i m p l e sys tem i s an harmonic o s ­
c i l l a t o r . Two c a s e s a r e t r e a t e d , the damped harmonic o s c i l l a t o r and the 
o s c i l l a t o r w i t h an e x t e r n a l d r i v i n g f o r c e . Comparison i s made between 
t h e s e r e s u l t s and t h o s e o b t a i n e d i n o t h e r t r e a t m e n t s . 
There a r e two a p p l i c a t i o n s f o r which t h i s f o r m a l i s m may be p a r ­
t i c u l a r l y s u i t e d . I f we c o n s i d e r o n l y b i n a r y c o l l i s i o n s between the 
s m a l l sys tem and r e s e r v o i r , the second cumulant d e s c r i b e s a l l the p o s s i b l e 
v i 
s c a t t e r i n g e v e n t s a s i n g l e p a r t i c l e c o u l d undergo w h i l e t r a v e r s i n g a 
system of s c a t t e r e r s . Thus our t e c h n i q u e may prove u s e f u l in m u l t i p l e 
s c a t t e r i n g t h e o r y . The o t h e r p o t e n t i a l use i s in the c a l c u l a t i o n of 
l i n e w i d t h s and l i n e s h a p e s . These q u a n t i t i e s a r e needed in f i e l d s such as 




In t h i s work, we d e v e l o p a new method f o r t r e a t i n g the t ime 
evo lvement of a s m a l l sys tem i n t e r a c t i n g wi th a l a r g e r , more complex 
s y s t e m . By " s m a l l , " we i n t e n d to d e s c r i b e a system w h i c h , when i s o l a t e d 
from a l l e x t e r n a l f o r c e s , may be t r e a t e d in an e x a c t way by the r u l e s of 
quantum m e c h a n i c s . That i s , we can f i n d the s t a t i o n a r y s o l u t i o n s to the 
S c h r o d i n g e r e q u a t i o n of the i s o l a t e d s m a l l s y s t e m . The c o m p l e x i t y of 
the l a r g e system makes i t i m p r a c t i c a l to a t t e m p t s o l v i n g the S c h r o d i n g e r 
e q u a t i o n of the combined s y s t e m . We f u r t h e r r e s t r i c t our a t t e n t i o n to 
t h o s e c a s e s where the i n t e r a c t i o n between the two systems has the form 
V = A«B where A and B a r e o p e r a t o r r e p r e s e n t a t i o n s of dynamic v a r i a b l e s 
b e l o n g i n g to the smal l sys tem and the l a r g e s y s t e m , r e s p e c t i v e l y . For 
c o n v e n i e n c e , we r e f e r to the smal l and l a r g e sys tems as the system and 
the r e s e r v o i r , r e s p e c t i v e l y . 
The e x p e r i m e n t a l s i t u a t i o n we a r e t r y i n g to model i s the t y p i c a l 
one in which o n l y p a r t of a p h y s i c a l sys tem i s p r e c i s e l y p r e p a r e d and 
the r e s t o n l y p a r t i a l l y c o n t r o l l e d . As an example , one may t h i n k o f an 
exper iment performed on a volume of g a s . By c o o l i n g the g a s , one can 
i n s u r e t h a t most of the m o l e c u l e s a r e i n t h e i r e l e c t r o n i c ground s t a t e s . 
On the o t h e r hand, the gas i n t e r a c t s w i t h the surrounding r a d i a t i o n f i e l d 
and the c o m p l e t e sys tem must be c o n s i d e r e d to i n c l u d e b o t h gas and r a d i a ­
t i o n f i e l d . I t i s i m p o s s i b l e to p r e p a r e the r a d i a t i o n f i e l d in a pure 
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s t a t e and our knowledge o f i t i s r e s t r i c t e d to t h o s e a v e r a g e v a l u e s 
a p p r o p r i a t e to the temperature o f the sys tem. F u r t h e r , a l l measurements 
taken in the c o u r s e o f the exper iment a r e d e s i g n e d to t e s t f o r changes 
in m o l e c u l a r s t a t e s r a t h e r than in the r a d i a t i o n f i e l d . Thus , we would 
l i k e to deve lop a method f o r c a l c u l a t i n g the e x p e c t e d v a l u e of t h e s e 
measurements in as e x a c t a manner as p o s s i b l e and in which the r e s e r v o i r 
v a r i a b l e s e n t e r as averaged q u a n t i t i e s c o r r e s p o n d i n g to our a c t u a l 
knowledge of i t s i n i t i a l s t a t e . We should n o t f o r g e t to ment ion t h a t 
our work a c t u a l l y a p p l i e s t o the example of the gas i n t e r a c t i n g wi th the 
r a d i a t i o n f i e l d s i n c e the i n t e r a c t i o n term of the t o t a l H a m i l t o n i a n f o r 
a system of charged p a r t i c l e s and a r a d i a t i o n f i e l d in the Coulomb gauge 
i s p r o p o r t i o n a l t o ^ A ( r ^ ) « p ^ where r ^ » P ^ a r e the p o s i t i o n c o o r d i n a t e and 
i 
t"Ti —• 
momentum of the i p a r t i c l e and A i s the v e c t o r p o t e n t i a l of the r a d i a t i o n 
f i e l d . I f we t r e a t o n l y r a d i a t i o n modes wi th wave lengths much l o n g e r than 
m o l e c u l a r d i m e n s i o n s , we may imagine A to be c o n s t a n t over a volume t h a t 
on the a v e r a g e c o n t a i n s j u s t one m o l e c u l e and the i n t e r a c t i o n takes on 
the s i m p l e p r o d u c t form we r e q u i r e . 
The m a t h e m a t i c a l framework we use in our i n v e s t i g a t i o n i s t h a t of 
the d e n s i t y o p e r a t o r d e v e l o p e d by John von Neumann.^ The main advantage 
o f the d e n s i t y o p e r a t o r formal i sm l i e s in the e f f i c i e n t way i t e n a b l e s 
us to h a n d l e quantum systems about which we have l e s s than comple te i n ­
f o r m a t i o n . The d e n s i t y o p e r a t o r and some of i t s p r o p e r t i e s a r e b r i e f l y 
d i s c u s s e d in Chapter I I . S i n c e knowledge of the f u l l d e n s i t y o p e r a t o r , 
p ( t ) , a t a t ime t e n a b l e s us t o c a l c u l a t e the e x p e c t a t i o n v a l u e of any 
o p e r a t o r a t t h a t same t i m e , i t s t i l l c o n t a i n s more i n f o r m a t i o n than we 
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n e e d . We a r e i n t e r e s t e d in the e x p e c t a t i o n v a l u e s of sys tems o p e r a t o r s 
r a t h e r than t h o s e of the r e s e r v o i r . T h u s , in Chapter I I I , the reduced 
d e n s i t y o p e r a t o r , p g ( t ) , i s d e f i n e d as the t r a c e of the f u l l d e n s i t y 
o p e r a t o r over r e s e r v o i r s t a t e s . 
To t h i s p o i n t , we have f o l l o w e d a r a t h e r s t a n d a r d a p p r o a c h . The 
r e s t of t h i s work i s new a l t h o u g h we make c o n t a c t wi th s tandard r e s u l t s 
from t ime to t i m e . Our s t a t e d purpose i s t o de termine the dynamical 
h i s t o r y of the s m a l l sys tem g i v e n i t s i n i t i a l s t a t e and the i n i t i a l s t a ­
t i s t i c a l d e s c r i p t i o n of the r e s e r v o i r . (We s p e c i f y t h a t the r e s e r v o i r 
i s d i s t r i b u t e d c a n o n i c a l l y o v e r i t s energy s t a t e s b u t t h i s c o u l d e a s i l y 
be g e n e r a l i z e d . ) N a t u r a l l y , t h i s i s q u i t e d i f f i c u l t and we f i n a l l y r e ­
s o r t t o a p p r o x i m a t i o n s but we a r e a b l e to make a p p r o x i m a t i o n s which seem 
t o be much more a p p r o p r i a t e t o the problem than the s t a n d a r d p e r t u r b a t i o n 
t h e o r y t r e a t m e n t s . Our f i n a l r e s u l t w i l l be a scheme f o r g e n e r a t i n g a p -
th 
p r o x i m a t i o n s t o the e q u a t i o n of mot ion f o r p s ( t ) where the n approx ima­
t e 
t i o n i s o b t a i n e d from the ( n - l ) one by the a d d i t i o n of a term r o u g h l y 
th 
p r o p o r t i o n a l t o the ( 2 n - l ) power of the f i r s t o r d e r p e r t u r b a t i o n t h e o r y 
p r o b a b i l i t y t h a t the sys tem w i l l make a t r a n s i t i o n in a t ime i n t e r v a l of 
l e n g t h t where t i s the r e s e r v o i r r e l a x a t i o n t i m e . For sys tems t h a t 
may be r e a s o n a b l y d e s c r i b e d as r e s e r v o i r s , we expec t t t o be v e r y s h o r t 
compared t o the t ime r e q u i r e d f o r the system to make a t r a n s i t i o n . T h e r e ­
f o r e , we e x p e c t the e q u a t i o n of mot ion f i n a l l y d e r i v e d i n Chapter V t o be 
an a c c u r a t e d e s c r i p t i o n of a s m a l l sys tem i n t e r a c t i n g w i t h a l a r g e r one 
w i t h many more d e g r e e s of freedom. 
We now o u t l i n e the s t e p s t h a t l e a d to t h e s e r e s u l t s . As ment ioned 
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a b o v e , we d e f i n e p ( t ) i n Chapter I I I b y tak ing the t r a c e of p ( t ) over 
s 
r e s e r v o i r s t a t e s . One hopes t h a t the a c t of t ak ing the t r a c e o v e r r e s e r ­
v o i r s t a t e s w i l l l e a d to the r e p l a c e m e n t o f r e s e r v o i r o p e r a t o r s by a v e r ­
aged q u a n t i t i e s . How t h i s i s t o be a c h i e v e d i s n o t o b v i o u s and d i f f e r e n t 
workers have employed d i f f e r e n t s t r a t e g e m s . In some t r e a t m e n t s , the f u l l 
d e n s i t y o p e r a t o r i s imagined to be f a c t o r i z a b l e i n t o the form p = p p a t 
Tl S 
2 
a r b i t r a r y t imes a s i t i s a t t = 0 . Others have r e s t r i c t e d t h e i r work to 
a p p l y t o t imes s h o r t on the sys tem s c a l e so as t o be a b l e to r e l a t e p ( t ) 
t o i t s e x a c t l y f a c t o r i z a b l e form a t t = 0 through low order p e r t u r b a t i o n 
3 
t h e o r y . In Chapter I I I , we take the unorthodox b u t e x a c t s t e p of i n ­
t r o d u c i n g two d i s j o i n t sys tem s p a c e s . These spaces a r e l a b e l e d and S^, 
r e s p e c t i v e l y , and a r e spanned by e i g e n k e t s of the H a m i l t o n i a n s H and H c . 
S l S 2 
H„ and H 0 a r e i d e n t i c a l i n form to the unperturbed sys tem Hami l ton ian 
S l S 2 
b u t s i n c e the spaces and a r e i n d e p e n d e n t , a l l o p e r a t o r s l a b e l e d w i th 
t h e index 1 commute wi th t h o s e l a b e l e d w i th 2 . The advantage of t h i s 
s l i g h t l y c o m p l i c a t e d formal i sm i s t h a t , i n the p r o c e s s , a l l r e s e r v o i r 
o p e r a t o r s a r e r e p l a c e d by known averaged q u a n t i t i e s . Our a b i l i t y t o c a l ­
c u l a t e t h e s e a v e r a g e s stems from the f a c t t h a t , in our deve lopment , t h e 
r e s e r v o i r o p e r a t o r s a r e f i r s t r e p l a c e d in an e x a c t way by t h e i r i n t e r ­
a c t i o n p i c t u r e r e p r e s e n t a t i o n s . S i n c e we know the i n i t i a l d i s t r i b u t i o n 
of r e s e r v o i r s t a t e s , we may in p r i n c i p l e de termine the average v a l u e of 
any i n t e r a c t i o n p i c t u r e o p e r a t o r s a t an a r b i t r a r y t i m e . T h i s a l l o w s us 
t o a v o i d making the a l m o s t u n i v e r s a l assumpt ion t h a t the r e s e r v o i r e x -
2 - 5 
p e c t a t i o n v a l u e s a r e u n a f f e c t e d by the i n t e r a c t i o n wi th the s y s t e m . 
The s t e p s d i s c u s s e d above r e s u l t i n e q u a t i o n ( 1 1 1 - 3 6 ) f o r the 
reduced d e n s i t y o p e r a t o r p s ( t ) . The d i f f i c u l t y in d e a l i n g w i t h o p e r a t o r 
5 
q u a n t i t i e s such as we o b t a i n t h e r e a r i s e s f o r the most p a r t from the non-
commut iv i ty of o p e r a t o r s . In our t r e a t m e n t , the o r d e r i n g of the v a r i o u s 
o p e r a t o r s i s d i c t a t e d by the t ime o r d e r i n g o p e r a t o r s T and T_ of e q u a t i o n 
( 1 1 1 - 3 6 ) . By i n t r o d u c i n g the f a c t o r i z e d form T = T A T B , we a r e a b l e t o 
t r e a t system o p e r a t o r s as c-numbers w h i l e tak ing r e s e r v o i r a v e r a g e s . 
T h i s turns out to be a g r e a t s i m p l i f i c a t i o n which makes the r e s t of the 
work p o s s i b l e . 
A t the end of Chapter I I I , we have a c h i e v e d our g o a l of o b t a i n i n g 
an e x p r e s s i o n f o r the reduced d e n s i t y o p e r a t o r in which a l l r e s e r v o i r 
o p e r a t o r s have been r e p l a c e d by averaged q u a n t i t i e s . I t must be a d m i t t e d 
t h a t t h e s e a v e r a g e s a r e n o t s i m p l e to compute and e q u a t i o n ( 1 1 1 - 3 7 ) i s 
h a r d l y more amenable t o use than the o r i g i n a l f u l l d e n s i t y m a t r i x . To 
p r o c e e d , we d e f i n e an expans ion f o r P g ( t ) in which t h e s e unwie ldy terms 
w i l l , in t u r n , be r e p l a c e d by f u n c t i o n s o f system o p e r a t o r s and b i l i n e a r 
a v e r a g e s of r e s e r v o i r o p e r a t o r s in the i n t e r a c t i o n p i c t u r e a t d i f f e r e n t 
t i m e s . These b i l i n e a r a v e r a g e s , < B ( t ) B ( t f ) > , a r e c a l l e d c o r r e l a t i o n 
2 5 
f u n c t i o n s in the l i t e r a t u r e ' and c o n t a i n important i n f o r m a t i o n about 
the s t a t i s t i c a l p r o p e r t i e s of the r e s e r v o i r . 
The m o t i v a t i o n of the p a r t i c u l a r expans ion we make i s d i s c u s s e d in 
Chapter I V . We want an expans ion t h a t p r e s e r v e s the e x p o n e n t i a l c h a r a c ­
t e r o f the e x a c t e x p r e s s i o n , equat ion ( 1 1 1 - 3 7 ) , and the cumulant expan­
s ion o f e q u a t i o n ( I V - 1 ) has that v i r t u e . L a t e r , we c o n c e n t r a t e upon f i n d ­
ing an e q u a t i o n o f motion f o r p g ( t ) and i t i s common e x p e r i e n c e t h a t e x p o ­
n e n t i a l forms l e a d to s imple d i f f e r e n t i a l e q u a t i o n s . 
The work of Chapter IV c o n t a i n s a t l e a s t two o r i g i n a l d e v e l o p m e n t s . 
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The f i r s t i s t h a t by f a c t o r i n g the t ime o r d e r i n g o p e r a t o r , we may t r e a t 
the system o p e r a t o r s in e q u a t i o n ( I V - 1 ) as c-numbers f o r a l g e b r a i c p u r ­
p o s e s . The second i s t h a t we d i s c o v e r t h a t , f o r n o n - i n t e r a c t i n g boson 
r e s e r v o i r s , o n l y the second cumulant term i s n o n - v a n i s h i n g . For such 
r e s e r v o i r s , t h e r e i s no need t o appea l t o arguments about the weakness 
of the i n t e r a c t i o n s t r e n g t h . For o t h e r r e s e r v o i r s , one may use the 
second cumulant form in an a n a l o g y to the way t h a t c a l c u l a t i o n s b a s e d 
on s m a l l d e v i a t i o n s from s t a b l e e q u i l i b r i u m a r e p e r f o r m e d . In t h i s 
c h a p t e r , we a l s o e s t a b l i s h t h a t our expans ion p r e s e r v e s p r o b a b i l i t y and 
t h a t p ( t ) remains H e r m i t i a n . 
r s 
A t the end of Chapter IV ( see e q u a t i o n ( I V - 1 9 ) ) , we o b t a i n an a p ­
p a r e n t l y non-homogeneous e q u a t i o n of mot ion f o r p g ( t ) . The s eeming ly 
non-homogeneous term ^^'^2 ^ s d e f i n e d by e q u a t i o n s ( I V - 1 7 ) and ( I V - 1 8 ) . 
The b u l k of the remaining work i s devo ted to f i n d i n g an expans ion f o r 
/ \ A 
\?^-\?2 in terms of P g ( t ) so t h a t we may o b t a i n a l o c a l in t i m e , l i n e a r i n 
p g ( t ) , f i r s t o r d e r e q u a t i o n of m o t i o n . 
We pause in Chapter V to demonstra te t h a t a f i r s t a p p r o x i m a t i o n of 
our r e s u l t s does reproduce the b e h a v i o r of a harmonic o s c i l l a t o r in con­
t a c t w i th a r e s e r v o i r as found in o t h e r t r e a t m e n t s . I t turns ou t to be 
r e l a t i v e l y easy to work out the s h i f t in o s c i l l a t o r energy and the r a t e 
a t which the o s c i l l a t o r r e a c h e s thermal e q u i l i b r i u m w i t h the r e s e r v o i r . 
In a d d i t i o n , t h e r e a r e two minor c o n t r i b u t i o n s from our approach t h a t a r e 
m i s s i n g from p r e v i o u s a t t e m p t s . The f i r s t f o l l o w s from the f a c t t h a t we 
3 7 8 
do n o t make the r o t a t i n g wave approx imat ion t h a t i s commonly i n v o k e d . ' ' 
Thus , we o b t a i n an o s c i l l a t i n g f a c t o r m u l t i p l y i n g the e x p o n e n t i a l l y damped 
7 
term in e q u a t i o n ( V - 6 9 ) f o r < n ( t ) > , the a v e r a g e o c c u p a t i o n number f o r 
the o p e r a t o r . As t h i s f a c t o r e f f e c t s the s p e c t r a l d e c o m p o s i t i o n of 
< n ( t ) > , i t may produce more a c c u r a t e l i n e width c a l c u l a t i o n s based on 
the o s c i l l a t o r m o d e l . The second c o n t r i b u t i o n i s t h e r i g o r o u s a d d i t i o n 
of a c l a s s i c a l d r i v i n g f o r c e which r e s u l t s in e q u a t i o n ( V - 8 1 ) . In p e r -
g 
t u r b a t i o n theory t r e a t m e n t s , the d r i v i n g f o r c e term i s s imply added . 
An example i s worked o u t ; the d r i v i n g f o r c e i s taken to be an i m p u l s e . 
The work of Chapter V emphasizes a d i f f i c u l t y o f t e n o v e r l o o k e d i n 
the o s c i l l a t o r problem when the r e s e r v o i r i s a l s o taken to be a c o l l e c ­
t i o n of o s c i l l a t o r s . A s t a n d a r d method i s t o d i a g o n a l i z e the t o t a l 
H a m i l t o n i a n and t o f i n d the e q u i l i b r i u m c o n d i t i o n i n terms of the normal . 
8 9 10 11 
modes of the e n t i r e sy s t em. ' ' ' The s t i c k i n g p o i n t i s t h a t i t i s 
i m p o s s i b l e t o w r i t e out the t r a n s f o r m a t i o n from b a r e s t a t e s t o normal 
modes in c l o s e d form. Hence , i f the o s c i l l a t o r i s i n i t i a l l y i n one of 
i t s b a r e s t a t e s , the d e n s i t y m a t r i x e v a l u a t e d in t h i s b a s i s w i l l d e s c r i b e 
the o s c i l l a t o r s approach to e q u i l i b r i u m . But s i n c e the t r a n s f o r m a t i o n 
t h a t takes us from a b a s i s in b a r e s t a t e s to the normal mode r e p r e s e n t a ­
t i o n i s unknown, t h e r e i s no way to show t h a t t h e s e approaches g i v e 
i d e n t i c a l r e s u l t s . 
In Chapter V I , we d e r i v e the method f o r g e n e r a t i n g the s u c c e s s i v e 
a p p r o x i m a t i o n s t o the e q u a t i o n of mot ion f o r p g ( t ) . We e x p l i c i t l y w r i t e 
out the e q u a t i o n of mot ion f o r P g ( t ) c o r r e c t t o second o r d e r i n our a p ­
p r o x i m a t i o n . As d i s c u s s e d a b o v e , the second o r d e r form i s o b t a i n e d from 
t h e f i r s t o r d e r a p p r o x i m a t i o n by the a d d i t i o n of a term p r o p o r t i o n a l t o 
the t h i r d power of the p r o b a b i l i t y t h a t the sys tem w i l l undergo a t r a n s i ­
t i o n in a t ime i n t e r v a l t as c a l c u l a t e d by f i r s t o r d e r p e r t u r b a t i o n 
8 
t h e o r y . C o n s e q u e n t l y , t h i s l a s t r e s u l t s h o u l d be a p p l i c a b l e to c a s e s 
where t approaches the l i f e t i m e of system s t a t e s . We demons tra te in 
e q u a t i o n ( V I - 3 0 ) t h a t we may r e c a s t the second o r d e r r e s u l t in the form 
of the f i r s t o r d e r approx imat ion by d e f i n i n g the e f f e c t i v e r e s e r v o i r 
c o r r e l a t i o n f u n c t i o n < B ( t ) B ( t f ) ^ . T h u s , i t seems p o s s i b l e to r e c o v e r 
from our work the change in the r e s e r v o i r due to the i n t e r a c t i o n wi th the 
s y s t e m . C l e a r l y , t h i s would be an advantage o v e r t h o s e t r e a t m e n t s t h a t 
assume t h a t the r e s e r v o i r c o r r e l a t i o n f u n c t i o n s remain the same f o r a l l 
t i m e s . 
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CHAPTER I I 
THE DENSITY OPERATOR 
I n t r o d u c t i o n 
The concept of " s t a t e " i s b a s i c to any m a t h e m a t i c a l d e s c r i p t i o n of 
a p h y s i c a l s y s t e m . When we say t h a t a sys tem i s in a p a r t i c u l a r s t a t e , 
we mean t h a t we have enough i n f o r m a t i o n t o p r e d i c t i t s b e h a v i o r i n f u t u r e 
e x p e r i m e n t s . I f we a r e a b l e t o s p e c i f y the s y s t e m ' s f u t u r e b e h a v i o r as 
c o m p l e t e l y as i t i s p o s s i b l e to do w i t h o u t v i o l a t i n g the p r i n c i p l e s of 
quantum m e c h a n i c s , we say t h a t the sys tem i s in a pure s t a t e . In t h i s 
c a s e , we may r e p r e s e n t the sys tem u n i q u e l y by some v e c t o r i n the H i l b e r t 
space spanned by the e i g e n v e c t o r s of a c o m p l e t e s e t of commuting o b s e r v -
a b l e s a p p r o p r i a t e t o the s y s t e m . In p r a c t i c e , however , we r a r e l y have 
such c o m p l e t e i n f o r m a t i o n and we d e s c r i b e our sys tem as b e i n g in a mixed 
s t a t e . A mixed s t a t e cannot be r e p r e s e n t e d in a unique way by a p a r t i c u ­
l a r v e c t o r in H i l b e r t s p a c e . F o r t u n a t e l y , a n o t h e r f o r m a l i s m e x i s t s t h a t 
d e s c r i b e s b o t h pure and mixed s t a t e s e q u a l l y w e l l ; i t i s the d e n s i t y 
o p e r a t o r t h e o r y i n t r o d u c e d by von Neumann."'" In t h i s c h a p t e r , we b r i e f l y 
d i s c u s s some of the more u s e f u l p r o p e r t i e s of the d e n s i t y o p e r a t o r . 
In p r a c t i c e , the pure s t a t e s of a sys tem a r e the r e s u l t of a some­
what a r t i f i c i a l a b s t r a c t i o n . One imagines t h a t the system in q u e s t i o n 
i s i s o l a t e d from the r e s t of the u n i v e r s e so t h a t a manageable c o m p l e t e 
s e t of commuting system o p e r a t o r s , { Q ^ } » can be chosen and the s i m u l t a n e o u s 
e i g e n s t a t e s o f t h e s e o p e r a t o r s , { |m > } , found to an a c c e p t a b l e o r d e r of 
1 0 
a c c u r a c y . The index m r e p r e s e n t s the s e t of quantum numbers t h a t d i f f e r ­
e n t i a t e between the e i g e n v e c t o r s of the { Q ^ } . These e i g e n s t a t e s and 
t h e i r l i n e a r combina t ions c o n s t i t u t e the pure s t a t e s of the s y s t e m . In 
the most g e n e r a l form, a pure s t a t e can be w r i t t e n as 
M > U , > = L O M > N - i 
A c e n t r a l premise of D i r a c f s f o r m u l a t i o n of quantum mechanics i s 
t h a t the r e s u l t of any measurement upon the system i s r e p r e s e n t e d by the 
mean v a l u e o f some dynamic v a r i a b l e of the s y s t e m . C o n s i d e r the measure -
ment t h a t c o r r e s p o n d s to the dynamic v a r i a b l e A . I f the sys tem i s in the 
pure s t a t e | \ j f ^ > , the r e s u l t of making the measurement i s 
< A > = < V ' M M V " > = 2L c!»*d» A N > M 
where 
A N , M - < > U A L W > 1 1 - 3 
The Mixed S t a t e 
The d i f f i c u l t y in t r a n s f e r r i n g the r e s u l t s of the s tudy of the 
pure s t a t e s of a sys tem t o the l a b o r a t o r y l i e s i n the i m p o s s i b i l i t y i n 
some c a s e s of p r e p a r i n g the system in a s t a t e c h a r a c t e r i z e d by a unique 
s e t of { c ^ } in e q u a t i o n ( I I - l ) . I n d e e d , s i n c e the model of a sys tem used 
in t h e o r e t i c a l a n a l y s i s n e v e r takes i n t o account every c o n t r i b u t i n g f a c ­
t o r , i t i s n o t p o s s i b l e to s p e c i f y an e x a c t l y comple te s e t of system 
o b s e r v a b l e s in n o n - t r i v i a l c a s e s . Th i s problem i s commonly s o l v e d by 
1 1 
i (k) 
a v e r a g i n g i n an a p p r o p r i a t e way o v e r the pure s t a t e s | i|r > of the sys tem 
so t h a t one r e p l a c e s e q u a t i o n ( I I - 2 ) by 
where w^ i s the p r o b a b i l i t y t h a t the system i s in the pure s t a t e r e p r e ­
s e n t e d by | ^ k ^ > . When e q u a t i o n ( I I - 4 ) cannot be reduced u n i q u e l y to 
e q u a t i o n ( I I - 2 ) , we say t h a t the system i s in a mixed s t a t e . 
The D e n s i t y M a t r i x 
12 
As Roman p o i n t s o u t , the formal i sm t h a t t r e a t s mixed s t a t e s on a 
d i f f e r e n t f o o t i n g than pure s t a t e s i s a e s t h e t i c a l l y l a c k i n g . The den­
s i t y m a t r i x method removes t h i s drawback. 
I f we d e f i n e the d e n s i t y m a t r i x by 
e q u a t i o n ( I I - 4 ) becomes 
J**r™ H - 5 
< A > - X. A I I - 6 
As d e s i r e d , we r e c o v e r the s i m p l e form of e q u a t i o n ( I I - 2 ) by s e t t i n g 
w K = 6 K . . Then, 
12 
Equat ion ( I I - 6 ) may be r e w r i t t e n as 
m 
The q u a n t i t y w i t h i n p a r e n t h e s e s has the form of the p r o d u c t o f the m a t r i x 
r e p r e s e n t a t i o n s of two o p e r a t o r s , A and p; t h e r e f o r e , we take e q u a t i o n 
( I I - 6 ) as the d e f i n i t i o n of the d e n s i t y o p e r a t o r , p, and w r i t e 
= T R A P 
where t r denote s the t r a c e . A u s e f u l r e p r e s e n t a t i o n o f p i s 
P = ] L L R V X > W K C T C £ < N \ 
where i s the p r o b a b i l i t y t h a t the system i s in the s t a t e 
I I - 6 a 
I I - 8 
m 
A t t h i s p o i n t , one may do away wi th the d i s t i n c t i o n between pure 
and mixed s t a t e s . Suppose t h a t the sys tem i n q u e s t i o n can p o s s e s s N i n -
12 
dependent pure s t a t e s . As shown by Roman, p i s c o m p l e t e l y determined 
2 
by s p e c i f y i n g the e x p e c t a t i o n v a l u e s a t some t ime of N - 1 independent 




( i i ) S i n c e the u n i t o p e r a t o r must have e x p e c t a t i o n v a l u e 1, 
t r p — 1 n - i o 
( i i i ) The d i a g o n a l e l emen t , p , r e p r e s e n t s the p r o b a b i l i t y tha t 
r n ,m 
the system i s i n the pure s t a t e |n > . 
( i v ) The v a r i a t i o n s i n t ime o f the d e n s i t y o p e r a t o r depend upon 
the p h y s i c a l laws tha t gove rn the sys t em; i t s v a l u e a t any t ime may b e 
o b t a i n e d from i t s v a l u e a t the r e f e r e n c e time t=0 from 
i s p o s s i b l e b e c a u s e the N X N m a t r i x ( p ^ ) has a t most N -1 independent 
r e a l parameters and the < A.^  > and equa t ion ( I I - 6 ) g i v e us a system o f 
2 1 2 12 
N -1 independen t e q u a t i o n s by which they may be de t e rmined . ' ' 
The power o f the d e n s i t y m a t r i x fo rmal i sm l i e s i n i t s l a c k o f 
ambigu i ty r e g a r d l e s s o f the c o m p l e t e n e s s o f our knowledge o f the s t a t e o f 
the sys t em. 
The General P r o p e r t i e s o f the D e n s i t y M a t r i x 
The f o l l o w i n g p r o p e r t i e s o f the d e n s i t y m a t r i x a r e demons t ra ted 
by von Neumann''": 
( i ) The d e n s i t y o p e r a t o r i s H e r m i t i a n . That i s 
p = I I - 9 
14 
p c t w e jaw e n - i i 
where H i s the system H a m i l t o n i a n . From e q u a t i o n ( 1 1 - 1 1 ) , i t f o l l o w s 
d i r e c t l y t h a t the mean v a l u e s of o b s e r v a b l e s v a r y i n t ime a c c o r d i n g to 
<Q\= t r {Q pto } = t r { p t o ^ } n - 1 2 
T h i s b r i e f r e v i e w of the d e n s i t y m a t r i x c o n t a i n s a l l t h a t we need 
f o r l a t e r u s e . 
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CHAPTER I I I 
THE REDUCED DENSITY OPERATOR 
I n t r o d u c t i o n 
We c o n s i d e r the c a s e of a s m a l l sys tem i n t e r a c t i n g w i t h a much 
l a r g e r o n e . By " s m a l l , " we i n t e n d t o d e s c r i b e a sys tem w h i c h , when i s o ­
l a t e d from a l l e x t e r n a l f o r c e s , may be t r e a t e d i n an e x a c t way by the 
r u l e s of quantum m e c h a n i c s . The c o m p l e x i t y of the l a r g e system makes i t 
i m p r a c t i c a l t o a t t e m p t to d e s c r i b e the combined system i n terms of known 
s t a t i o n a r y s t a t e s . Our purpose i s t o s e t f o r t h a p r o c e d u r e f o r d e t e r m i n ­
ing the dynamical h i s t o r y of the s m a l l system in i n t e r a c t i o n w i t h the 
l a r g e sys tem ( h e n c e f o r t h c a l l e d the sys tem and the r e s e r v o i r , r e s p e c t i v e l y ) 
i n which we r e p r e s e n t the r e s e r v o i r by the averaged v a l u e s of s u i t a b l e 
r e s e r v o i r o b s e r v a b l e s . 
We b e g i n by s p e c i f y i n g the d e n s i t y o p e r a t o r of the e n t i r e sys tem 
a t the i n i t i a l t i m e . To o b t a i n p ( t ) a t a r b i t r a r y t i m e s , we t r a n s f o r m i t 
- i H t / h 
from i t s v a l u e a t t = 0 by the t ime evolvement o p e r a t o r , U ( t ) = e , 
where H i s the t o t a l sys tem H a m i l t o n i a n . S i n c e p ( t ) c o n t a i n s more i n f o r ­
m a t i o n than we n e e d , we d e f i n e the reduced d e n s i t y o p e r a t o r , p g ( t ) , a s the 
t r a c e of p ( t ) over r e s e r v o i r s t a t e s . By i n t r o d u c i n g a d o u b l i n g o f s y s ­
tem s p a c e , we a r e a b l e to r e p l a c e r e s e r v o i r o p e r a t o r s i n p g ( t ) by r e s e r ­
v o i r a v e r a g e s of o p e r a t o r s i n the i n t e r a c t i o n p i c t u r e . F i n a l l y , by f a c ­
t o r i n g the t ime o r d e r i n g o p e r a t o r i n t o p a r t s t h a t e i t h e r a c t on sys tem 
o p e r a t o r s a l o n e o r on r e s e r v o i r o p e r a t o r s a l o n e , we o b t a i n a form in which 
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we a r e a b l e to t r e a t system o p e r a t o r s as o r d i n a r y f u n c t i o n s . 
The Combined System 
We b e g i n by i n t r o d u c i n g some n e c e s s a r y s y m b o l s . When i s o l a t e d 
from one a n o t h e r , the two sys tems a r e r e p r e s e n t e d by s t a t e v e c t o r s whose 
t ime evo lvements a r e de termined by 
i . T V I ^ I 1 V > - H r ( r e s e r v o i r ) , I I I - l 
and 
L * 4 _ r o > ~ H , w * > ( s y s t e m ) - m " 2 
We denote the s t a t i o n a r y s t a t e s of the i s o l a t e d sys tems i n the f o l l o w i n g 
way: 
ttr|Ev>= E . I E ^ Reservoir), I I I - 3 
and 
H * l S i > = ei,ISt> (astern). III-4 
When the two sys tems a r e combined, the t o t a l H a m i l t o n i a n becomes 
H — Hr H S ^ V I I I - 5 
where V d e s c r i b e s the i n t e r a c t i o n between sys tem and r e s e r v o i r . For now, 
we take V t o be t ime i n d e p e n d e n t ; l a t e r , we a l l o w V to i n c l u d e a c l a s s i ­
c a l d r i v i n g f o r c e t h a t o p e r a t e s on the system a l o n e . 
In p r i n c i p l e , a l l m e a s u r a b l e q u a n t i t i e s of the combined system can 
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be c a l c u l a t e d i f o n l y we know the d e n s i t y m a t r i x o p e r a t o r , p ( t ) , f o r a l l 
t i m e s . I f we have p ( t ) a t t ime t = 0 , we may o b t a i n i t s v a l u e a t a l l o t h e r 
t imes from the e q u a t i o n 
A t t ime t = 0 , the i n t e r a c t i o n has suddenly been "turned on" and we can 
w r i t e p ( 0 ) as the p r o d u c t p p where p i s the a p p r o p r i a t e d e n s i t y m a t r i x 
S IT S 
o p e r a t o r f o r the i s o l a t e d sys tem a t t = 0 and p^ d e s c r i b e s t h e i n i t i a l s t a t e 
of the r e s e r v o i r . Our a b i l i t y t o p r e p a r e the r e s e r v o i r in a g i v e n i n i t i a l 
c o n f i g u r a t i o n i s l i m i t e d and we make the modest assumpt ion t h a t i t i s i n 
a c a n o n i c a l d i s t r i b u t i o n of r e s e r v o i r s t a t e s c o n s i s t e n t wi th a measured 
t e m p e r a t u r e , T = ~ , where k i s Bo l t zmann' s c o n s t a n t . Thus , 
where Z i s the r e s e r v o i r p a r t i t i o n f u n c t i o n . The most g e n e r a l form f o r 
p ( s ee e q u a t i o n ( I I - 8 ) ) i s 
s 
1 t ,
-i I I I - 8 




For our p u r p o s e s , we imagine t h a t i n i t i a l l y the system was i n the i ^ 1 
e i g e n s t a t e of H so t h a t 
s 
18 
1 1 1 - 1 0 
T h i s as sumpt ion i s f o r conven ience o n l y and a l l subsequent r e s u l t s can be 
immedia te ly g e n e r a l i z e d . 
S u b s t i t u t i n g p ( 0 ) = p p , we o b t a i n from e q u a t i o n ( I I I - 6 ) 
S IT 
p t t ^ L e i s . > i E 3 > - J - < E i i < s a e m - n 
The m o t i v a t i o n f o r the n e x t s t e p i s p r o v i d e d by the p r a c t i c a l n o ­
t i o n t h a t the most i n t e r e s t i n g q u a n t i t i e s a r e those t h a t d e s c r i b e the 
sys tem a t l a t e r t imes wi th r e s e r v o i r e f f e c t s averaged over a l l p o s s i b l e 
r e s e r v o i r s t a t e s . Such a q u a n t i t y i s u s u a l l y the e x p e c t a t i o n v a l u e of 
some o b s e r v a b l e whose o p e r a t o r r e p r e s e n t a t i o n i s a f u n c t i o n of sys tem 
<\ 
c o o r d i n a t e s a l o n e . C o n s i d e r j u s t such an o b s e r v a b l e , 0 . A t t ime t , 
s 
i t s e x p e c t a t i o n v a l u e i s g i v e n by 
< 6 s w > = t i r , i S L 6 * p(o"l m - 1 2 
where we have used the f a c t t h a t 0 g o p e r a t e s on system s t a t e s o n l y . We 
2 
a r e then l e d to d e f i n e the reduced d e n s i t y o p e r a t o r 
19 
which e n a b l e s us t o w r i t e e q u a t i o n ( 1 1 1 - 1 2 ) in the f o r m a l l y s i m p l e r way 
= t r s L 6 , psCtYl 
Using the d e f i n i t i o n of the reduced d e n s i t y o p e r a t o r and e q u a t i o n ( I I I - l l ) , 
we have 
x z e ' ^ K s d e ' e » c > 
A t t h i s p o i n t , we d i g r e s s t o e s t a b l i s h an e q u i v a l e n t way of e x p r e s s ­
ing the o p e r a t o r 
where F i s an a r b i t r a r y f u n c t i o n of sys tem o p e r a t o r s ^ g and r e s e r v o i r 
o p e r a t o r s Q . S i n c e the r e s e r v o i r o p e r a t o r s a r e r e p l a c e d by m a t r i x e l e -
A 
m e n t s , we c a l l 0 a system o p e r a t o r . The m a t r i x e l ements o f the sys tem 
o p e r a t o r a r e g i v e n by 
20 
C W = < S « , | < E K L F T ^ , Q - M E I > L ^ C > " 1 - 1 7 
Thus , 0 ^ ^ i s the produc t o f the two commuting complex numbers 
and 
Hence , 
0 = c c = c c , 
m,n m n n m 
Now f o r the c r u c i a l s t e p : We imagine t h a t the subspaces spanned by the 
1 4 
system s t a t e s of c^ and c^ (S^ and , r e s p e c t i v e l y ) a r e d i s j o i n t . 
C o n s e q u e n t l y , we i n t r o d u c e s u b s c r i p t s t o d i s t i n g u i s h between the two i n ­
dependent subspaces and Then 
i n - 1 8 
and 
C M = < 5 M J < E K | F % > Q , L E J > m - 1 9 
C l e a r l y , t h i s p r o c e d u r e does n o t a f f e c t the numer ica l v a l u e s of c and c . 
n m 
But now t h a t the subspaces spanned by the | > and the > a r e d i s j o i n t , 
* ^ A 
we can say t h a t the o p e r a t o r s q commute wi th the o p e r a t o r s q . Hence , 
S l S 2 
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we can w r i t e 
6 m , n = ^ n C m 1 1 1 - 2 0 
= < ^ c \ < e i | F + ( ^ „ Q r ) l e » . > l s « . > 
We have used the independence of the space from the space 
A A A A 
t o move the k e t |s > p a s t F (q ,Q ) and the bra < S I F (q ,Q ). 
n l
 A
 S 2 r m 2 S l r 
A d e f i n i t i o n of 0 e q u i v a l e n t to e q u a t i o n ( 1 1 1 - 1 6 ) i s 
6«<Si , |<E^| F \ % 4 I , & ) I E K > < E « \ F ( ^ S . , Q . ' > | E £ I S & m-21 
Equat ion ( I I I - 2 1 ) makes s e n s e o n l y i f we u s e i t in the f o l l o w i n g way. 
A 
Suppose we a r e t o f i n d 0 | S ^ > . Then we l a b e l | s n > as a v e c t o r i n S^ space 
and p r o c e e d w i t h S^ v e c t o r s and o p e r a t o r s regarded a s b e i n g independent 
A 
of S« v e c t o r s and o p e r a t o r s . I f we a r e to f i n d < | 0 , we l a b e l < S^l a s 
a v e c t o r in S^ space and p r o c e e d as b e f o r e . 
Returning to e q u a t i o n ( 1 1 1 - 1 5 ) , we s e e t h a t the q u a n t i t y b e i n g 
summed o v e r , 
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h a s the same form as the reduced o p e r a t o r 0 in e q u a t i o n ( 1 1 1 - 1 2 ) w i t h 
and 
1 1 1 - 2 2 
Thus , we can w r i t e e q u a t i o n ( 1 1 1 - 1 5 ) in the e q u i v a l e n t form 
| E * > < E * i e V 1 I E j > | S i > 
where , a s b e f o r e , the sys tem o p e r a t o r s in H and V 1 o n l y a c t on s t a t e s 
S l L 
l a b e l e d w i t h the s u b s c r i p t 1 and a c o r r e s p o n d i n g r e l a t i o n e x i s t s between 
H , V_ and s t a t e s l a b e l e d w i t h the s u b s c r i p t 2 . 
s 2 z 
Now the s t r a t e g y becomes a p p a r e n t ; we can per form the sum o v e r the 
c o m p l e t e s e t | E ^ > (comple te i n the space of the r e s e r v o i r ) and o b t a i n f o r 
e q u a t i o n ( 1 1 1 - 2 2 ) , 
j 0 s W « L 2 e < S i , i < e i l < ? m - 2 3 
i 
= < y 5 . e 1 " ' " " ^ V > 
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Our d e s i r e to r e p r e s e n t the r e s e r v o i r by averaged q u a n t i t i e s has 
a p p a r e n t l y been s a t i s f i e d . S t i l l , e q u a t i o n ( 1 1 1 - 2 3 ) i s o n l y a formal 
r e s t a t e m e n t of e q u a t i o n ( 1 1 1 - 1 5 ) and i s no more amenable to use in c a l ­
c u l a t i o n s . To make p r o g r e s s , we must m a n i p u l a t e e q u a t i o n ( 1 1 1 - 2 3 ) a 
l i t t l e m o r e . 
We employ the ident i t i e s^"*: 
t 
and 
e - ( x e
 0
 ) c 1 1 1 - 2 4 
1 1 1 - 2 5 
where 
V X ( ( f c ^ = • C V , C H I - 2 6 
and 
V T = € . V t £ 1 1 1 - 2 7 
The o p e r a t o r T o r d e r s the p r o d u c t V y ( t 1 ) V T ( t ? ) . . . V T ( t ) i n the 
i l 1 i l 1 n 
n t t l term of the expans ion o f T_ ^ P ^ j ^ 1 ' ^ A ' ^ ] s o t n a t o p e r a t o r s a t 
e a r l i e r t imes a r e a lways to the l e f t of o p e r a t o r s a t l a t e r t i m e s . S i m i ­
l a r l y , the o p e r a t o r T o r d e r s the p r o d u c t (t-^)V ]. ( t 2 > . . . V .^ ( t n ) i n 
24 
the expans ion of T € t so t h a t o p e r a t o r s a t l a t e r t imes a r e 
a lways t o the l e f t of o p e r a t o r s a t e a r l i e r t i m e s . Equat ions ( 1 1 1 - 2 4 ) and 
( 1 1 1 - 2 5 ) a r e c e r t a i n l y t r u e a t t = 0 s i n c e both s i d e s of e i t h e r e q u a t i o n 
reduce t o u n i t y t h e n . I t i s f a i r l y easy to show t h a t , i f we assume the 
e q u a t i o n s a r e t r u e a t a r b i t r a r y t i m e s , then the f i r s t d e r i v a t i v e s w i th 
r e s p e c t t o t ime of bo th s i d e s of e i t h e r e q u a t i o n ( 1 1 1 - 2 4 ) o r ( 1 1 1 - 2 5 ) a r e 
e q u a l . When two q u a n t i t i e s a r e equal a t some t ime and both s a t i s f y the 
same l i n e a r , f i r s t o r d e r , d i f f e r e n t i a l e q u a t i o n a t a r b i t r a r y t i m e s , then 
they a r e equal a t a l l t i m e s . 
1 1 1 - 2 8 
and 
1 1 1 - 2 9 
S u b s t i t u t i n g e q u a t i o n s ( 1 1 1 - 2 4 ) , ( 1 1 1 - 2 5 ) , ( 1 1 1 - 2 8 ) , and ( 1 1 1 - 2 9 ) 
i n t o e q u a t i o n ( 1 1 1 - 2 3 ) and us ing the i d e n t i f y 
e 
we f i n d 
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1 1 1 - 3 0 
The n e x t s t e p i s t o move the o p e r a t o r s e A p ( < H 5 ^ and e\p (^i- H ^ V ^ t o 
the extreme r i g h t and l e f t , r e s p e c t i v e l y . We r e c a l l t h a t t h i s i s p o s ­
s i b l e b e c a u s e the space i s independent of the S 2 space a n d , t h e r e f o r e , 
H commutes w i t h e v e r y t h i n g l a b e l e d w i t h a 2 and H l i k e w i s e commutes 
S l s 2 
w i th e v e r y t h i n g l a b e l e d w i t h a 1 , H e n c e , 
1 1 1 - 3 1 
I f a t t h i s p o i n t , we were t o c o n t e n t o u r s e l v e s w i t h expanding t h e 
v a r i o u s e x p o n e n t i a l s , we would m e r e l y r e c o v e r p e r t u r b a t i o n t h e o r y . We 
wish t o do more than t h a t o f c o u r s e b u t i n order t o do s o , we must s a c r i ­
f i c e some of the g e n e r a l n a t u r e o f the d i s c u s s i o n . T h e r e f o r e , we s p e c i f y 
t h a t the i n t e r a c t i o n between the sys tem and r e s e r v o i r to be d e s c r i b e d 
by 
1 1 1 - 3 2 
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where the q u a n t i t i e s a r e f u n c t i o n s of the system v a r i a b l e s a l o n e ; the 
q u a n t i t i e s a r e l i k e w i s e f u n c t i o n s of r e s e r v o i r v a r i a b l e s a l o n e . S ince 
by h y p o t h e s i s V i s t ime i n d e p e n d e n t , we ex tend t h a t r e s t r i c t i o n to the 
terms A^B_^. F u r t h e r , we suppose that the o p e r a t o r e x p r e s s i o n s A^B^ a r e 
H e r m i t i a n . 
We o b t a i n the i n t e r a c t i o n p i c t u r e form of V 
2K» ,j" 
by s u b s t i t u t i n g 
and 
q u ^ « e Or e 111-34 
f o r q and Q in e q u a t i o n ( 1 1 1 - 3 2 ) . S i n c e H and H a r e H e r m i t i a n , V_ 
s r s r ' I 
remains H e r m i t i a n a t a l l t i m e s . For c o n v e n i e n c e , we i n t r o d u c e the s h o r t ­
hand n o t a t i o n 
1 1 1 - 3 5 
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S u b s t i t u t i n g e q u a t i o n ( 1 1 1 - 3 5 ) i n t o e q u a t i o n ( 1 1 1 - 3 1 ) , we o b t a i n 
^ Z 
. I S O ^ 
We n o t e t h a t the t ime o r d e r i n g o f the B o p e r a t o r s may be c a r r i e d 
out i n d e p e n d e n t l y of the o r d e r i n g of the A o p e r a t o r s s i n c e the spaces 
i n v o l v e d a r e d i s j o i n t . Hence we a r e j u s t i f i e d i n decomposing T and T_ 
A 2 B A l B A 2 
i n t o T T and T T , r e s p e c t i v e l y , where , f o r example , T o r d e r s the 
A 2 ( t ' ) o p e r a t o r s a l o n e and o r d e r s the B C t 1 ) operators .*"^ Then, we 
a g a i n appea l to the commut iv i ty o f S o p e r a t o r s w i t h r e s p e c t t o S 
A l A 2 
o p e r a t o r s t o draw T_ T t o the l e f t of the bra < | . That i s , 
P . C T \ = e C * S t / * < S C J T > T K T I H - 3 7 
where 
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We s t r e s s t h a t the q u a n t i t y on the l e f t hand s i d e of e q u a t i o n ( 1 1 1 - 3 7 ) i s 
A 
n o t a s c a l a r p r o d u c t . The n o t a t i o n r e q u i r e s t h a t we expand 0 ( t ) i n t o a 
sum of p r o d u c t s of v a r i o u s numbers of and A^ o p e r a t o r s a t d i f f e r e n t 
t i m e s , o p e r a t e upon |s > and < S. | by the A - and A- o p e r a t o r s , r e s p e c -
i 2 x l 
t i v e l y , t o o b t a i n | a n d < ^ | ( | ^ 2 > t n e r e s u ^ - t ° f o p e r a t i n g upon 
|S > by the A o p e r a t o r s and < i s t h e r e s u l t of o p e r a t i n g upon < S. ] 
1 2 1 x l 
by t h e A^ o p e r a t o r s ) , and f i n a l l y forming the o p e r a t o r | < | . 
T h i s l a s t s t e p i s impor tant i n the development o f the method . 
A l A 2 
S i n c e the o r d e r of an A p r o d u c t i s u l t i m a t e l y determined by the T_ T 
o p e r a t o r , we can perform any i n t e r m e d i a t e a l g e b r a i c m a n i p u l a t i o n of 0 ( t ) 
18 
a s i f A ^ ( t ' ) and A 2 ( t f ) were m e r e l y f u n c t i o n s and n o t o p e r a t o r s . 
Summary 
By d o u b l i n g t h e sys tem H i l b e r t space and i n t r o d u c i n g t h e f a c t o r e d 
form of the t ime o r d e r i n g o p e r a t o r , we a r r i v e a t e q u a t i o n s ( 1 1 1 - 3 7 ) and 
( 1 1 1 - 3 8 ) . These e q u a t i o n s i n v o l v e of n e c e s s i t y o n l y a v e r a g e s o f r e s e r ­
v o i r o p e r a t o r s but t h e s e a v e r a g e s a r e s t i l l f a r t o o c o m p l i c a t e d to c a l c u ­
l a t e . S i n c e we a r e now f r e e to t r e a t the A o p e r a t o r s i n the e x p r e s s i o n 
f o r 0 ( t ) a s c -numbers , we l o o k f o r an expans ion of 0 ( t ) t h a t w i l l c o n v e r t 
the a v e r a g e o v e r r e s e r v o i r s t a t e s of an e x p o n e n t i a l i n t o a n o t h e r exponen­
t i a l form in which the averaged q u a n t i t i e s appear in the e x p o n e n t . 
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CHAPTER IV 
THE CUMULANT EXPANSION 
I n t r o d u c t i o n 
A cumulant expans ion of 0 ( t ) i s d e f i n e d . The e x p l i c i t e x p r e s s i o n s 
f o r the f i r s t two cumul a n t s a r e w r i t t e n i n e q u a t i o n s ( I V - 2 ) and ( I V - 4 ) . 
By t r u n c a t i n g the expans ion a t the second cumulant , we a r r i v e a t an a p ­
p r o x i m a t i o n ( e x a c t i n the c a s e of a r e s e r v o i r of f r e e b o s o n s ) f o r p g ( t ) , 
g i v e n by e q u a t i o n ( I V - 7 ) , i n which r e s e r v o i r v a r i a b l e s appear o n l y as 
c o r r e l a t i o n f u n c t i o n s . We demonstra te t h a t t h i s approx imat ion to P g ( t ) 
i s H e r m i t i a n and c o n s e r v e s p r o b a b i l i t y . F i n a l l y , we d e r i v e an e q u a t i o n 
of m o t i o n f o r P g ( t ) which forms the b a s i s of a l l subsequent work . 
The Cumulant Expansion 
I f the i n t e r a c t i o n between the system and r e s e r v o i r i s c o r r e c t l y 
d e s c r i b e d by e q u a t i o n ( 1 1 1 - 3 5 ) , then P s ( t ) i s g i v e n e x a c t l y by e q u a t i o n 
( 1 1 1 - 3 7 ) . How do we b e s t u t i l i z e t h i s e x p r e s s i o n ? In mos t n o n - t r i v i a l 
c a s e s , one r e s o r t s t o some s o r t o f an expans ion and the s u c c e s s of such 
a p r o c e d u r e depends upon the s u i t a b i l i t y of the expans ion c h o s e n . Taking 
n o t e of t h e e x p o n e n t i a l c h a r a c t e r of the o p e r a t o r q u a n t i t i e s in e q u a t i o n 
( 1 1 1 - 3 8 ) and r e a l i z i n g t h a t we can t r e a t the A o p e r a t o r s as f u n c t i o n s 
A l A 2 
s i n c e T T w i l l n o t be a p p l i e d u n t i l we s u b s t i t u t e e q u a t i o n ( 1 1 1 - 3 8 ) 
14 
back i n t o e q u a t i o n ( 1 1 1 - 3 7 ) , we t r y an expans ion o f the cumulant type : 
30 
I V - 1 
The parameter X has been i n s e r t e d f o r c a l c u l a t i o n a l conven ience and w i l l 
b e s e t t o u n i t y i n due t i m e . The expans ion d e f i n e d i n e q u a t i o n ( I V - 1 ) 
has the c h i e f v i r t u e o f r e t a i n i n g the e x p o n e n t i a l c h a r a c t e r o f the e x a c t 
form of 0 ( t ) . 
One o b t a i n s e x p r e s s i o n s f o r the W ^ s by tak ing an a p p r o p r i a t e 
number o f d e r i v a t i v e s wi th r e s p e c t to X on b o t h s i d e s of e q u a t i o n ( I V - 1 ) 
and then s e t t i n g X equal to z e r o . In p a r t i c u l a r , by t a k i n g the f i r s t 
d e r i v a t i v e and s e t t i n g X t o z e r o , we f i n d : 
A 
I V - 2 
where 
I V - 3 
- 9 6 . i E> e 
( c o n t i n u e d ) 
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We have used e q u a t i o n s ( I I I - 3 ) , ( 1 1 1 - 2 6 ) , and ( 1 1 1 - 3 4 ) in o b t a i n i n g 
e q u a t i o n ( I V - 3 ) . In t h e same way, t a k i n g t h e second d e r i v a t i v e of bo th 
s i d e s of e q u a t i o n ( I V - 1 ) r e s u l t s in the e x p r e s s i o n : 
z w z * w N - - ^ z : ' i . e e I [ < E i | x B ) J t ' J J T - A , ( T ' ) B I T ' > A L ( O B ( n 
t 
- Z. Cdt?(«Jt," A . t r t B L O A T ( 0 felt") L E ^ 
Hence , 
r ,t „ t 
H = - ^ ^A ,(t ' ) A , ( N ( < T * & ( E ) E > T R » - < B > 2 ) 





In the work t h a t f o l l o w s , we r e t a i n o n l y and in the cumulant 
expans ion of 0 ( t ) . Then s e t t i n g X = l , 
A 
fat) - e iv -6 
In Appendix A , we show t h a t i f the r e s e r v o i r i s composed of f r e e b o s o n s , 
and i f B ( t ) i s a l i n e a r combinat ion of r e s e r v o i r c r e a t i o n and d e s t r u c t i o n 
o p e r a t o r s , a l l cumulants e x c e p t v a n i s h . T h u s , i f our r e s e r v o i r i s a 
r a d i a t i o n f i e l d , a sys tem of n o n - i n t e r a c t i n g o s c i l l a t o r s or a phonon b a t h , 
the t r u n c a t i o n i s e x a c t . No approx imat ion a t a l l has been i n t r o d u c e d . 
Equat ions ( 1 1 1 - 3 7 ) and ( I V - 6 ) combine to g i v e us 
A t t h i s p o i n t , i t i s p r o b a b l y w i s e to i n q u i r e whether the t r a c e 
o f p s ( t ) o v e r sys tem s t a t e s i s u n i t y as i t shou ld b e . A t t - 0 , e q u a t i o n 
( I V - 7 ) becomes 
Then, 
t r s ^ = £ < S i l | <Si,\ i I%<> \S j,> 
i 
= Z - 5 i j = 1 . 
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a s r e q u i r e d . Note t h a t i n e v a l u a t i n g the t r a c e , we f o l l o w e d our r a t h e r 
unorthodox p r e s c r i p t i o n f o r o b t a i n i n g m a t r i x e l e m e n t s . I t i s a l s o worth 
p o i n t i n g out f o r l a t e r use t h a t 
T h u s , once a v e c t o r o r o p e r a t o r has been p o s i t i o n e d so t h a t i t s f u n c t i o n 
i s no l o n g e r ambiguous w i t h o u t the s u b s c r i p t s , the s u b s c r i p t s may be 
dropped . 
Now d i f f e r e n t i a t e b o t h s i d e s of e q u a t i o n ( I V - 7 ) w i th r e s p e c t to 
t ime 
We have dropped the s u b s c r i p t s of H i n the f i r s t two terms on the r i g h t 
s 
hand s i d e s i n c e , as we have j u s t d i s c u s s e d , t h e r e i s no a m b i g u i t y as t o 
what H o p e r a t e s upon. Using e q u a t i o n s ( I V - 2 ) and ( I V - 4 ) , 
I V - 8 
I V - 9 
and 
34 
d_ W , = - X CJV *.<t») A . W /3.r,« - ^ t *A .WAr f f )p , , t . "-10 
o 0 
+ ^ c J t " A,(t^ / i * r > t + ^t" Av l(i")A,W/i t >t" 
where 
and 
/3t»,t * ^ i t - ) e>co> - <te> 1 iv-11 
/3 t > t " * < SCO B U " » - < 5 > l iv-12 
T o g e t h e r , e q u a t i o n s ( I V - 8 ) , ( I V - 9 ) , and ( I V - 1 0 ) l e a d us t o w r i t e 
T h i s l a s t e x p r e s s i o n may be somewhat s i m p l i f i e d . The o p e r a t o r s 
35 
w i t h t ime argument t can be p l a c e d to the extreme l e f t by o p e r a t i n g wi th 
A 0 - i H t / h - i H t /f i 
2+ S S 
T and us ing e = A 2 6 where i s in the Schrod inger 
p i c t u r e . S i m i l a r l y , the A^ o p e r a t o r can be moved t o the extreme r i g h t and 
put i n t o the Schrod inger p i c t u r e . Then, 
4 _ = - - | C ^ , p > u S } - ^ L A , p % c t \ ] i v - 1 3 
We now take the t r a c e of bo th s i d e s of e q u a t i o n ( I V - 1 3 ) . S i n c e 
the t r a c e i s i n v a r i a n t under c y c l i c p e r m u t a t i o n s , 
and 
36 
k t r t fin = - x £ < S i i e " 1 * ^ Iv"" 
^ L A T M ^ ( ( j t « M t r ^ t . . t e w ' * w ' J f s L > 
- < ^ T ^ A . ( r t p ^ < r l * J » s i ^ , K * A , | S S l > 
- i - t x . < s 1 j A i e i H H t A 
By i n s e r t i n g a c o m p l e t e s e t of s t a t e s , t h e f i r s t term on the r i g h t 
hand s i d e o f e q u a t i o n ( I V - 1 4 ) can be w r i t t e n 
But 
< S K l \ A 1 l 5 i l > - < S K j A I l S j , > 
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and s i n c e < S | A _ | S . > i s m e r e l y a c -number, we can r e a r r a n g e the f i r s t 
2 2 
term t o read 
» < ^ j e i M , ' v V s i j T ^ T ^ { ( A ' A ( t » ) / 5 t : . e ' W , J i s c > ^ H t ' t / R ! s K > 
- - ^ • 2 : < s j A l e i H ^ 
- < S j j x M ^ f fj*"A,u") / 3 t « t e w , 4 W t J ISJ> e ^ * * I s K > 
Thus , the f i r s t term on the r i g h t hand s i d e of e q u a t i o n ( I V - 1 4 ) e x a c t l y 
c a n c e l s the t h i r d term of the r i g h t hand s i d e . S i m i l a r l y , the second 
term c a n c e l s the f o u r t h . Hence , 
and t h i s combined wi th the i n i t i a l c o n d i t i o n 
t r s $ c o * = l I V - 1 5 
i n s u r e s t h a t 
IV-16 
3 8 
h o l d s a t a r b i t r a r y t i m e s . 
A 
Returning to e q u a t i o n ( I V - 1 3 ) , we i n t r o d u c e the o p e r a t o r s F^ and 
F 2 where 
I V - 1 7 
and 
I V - 1 8 
We can then e x p r e s s e q u a t i o n ( I V - 1 3 ) in the compact form 
- S A, - ^ + A^F, + ^  A , 
= - 1 L H * > P I ( T ^ ~ i <*>>&>fi^} + - ^ . 1 A , F, -
where we have a g a i n dropped s u b s c r i p t s on the S c h r o d i n g e r o p e r a t o r A . 
Equat ion ( I V - 1 9 ) i s as f a r as we can go in the e x a c t t r e a t m e n t . 
A A 
The o p e r a t o r q u a n t i t y F ^ _ F 2 *- s e x t r e m e l y c o m p l i c a t e d and we examine i t 
w i t h more c a r e f a r t h e r on ( s e e Chapter V I ) . For now, we argue as f o l l o w s 
As b e f o r e , we suppose t h a t B „ r e p r e s e n t s a r e s e r v o i r whose r e l a x a t i o n 
t i m e , t c , i s much s h o r t e r than the i n v e r s e of any n a t u r a l f r e q u e n c y o f 
t h e s y s t e m . We then assume t h a t A ( t M ) changes so l i t t l e from i t s v a l u e 
39 
a t t i n the i n t e r v a l t ^ t " ^ t - t c t h a t , w i th n e g l i g i b l e e r r o r , we can 
make the a p p r o x i m a t i o n s ^ 
M e \ & i , i T . » ' T * i e ' i s o e iv-20 
and 
s p , ( t ^ («>t" (be,* A t t " - ^ 
I V - 2 1 
In t h i s a p p r o x i m a t i o n , the e q u a t i o n o f m o t i o n f o r p ( t ) becomes 
s 
i j . p , ( t > = - £ I H V p u ^ l - ^ < R>> L A , p s c o ] iv-22 
4- J U i L A , / ^ c o ( < i t " / I t - t A (*"-«)] 
- L A , ] d t " ^ t > t « A ( f - t ^ 
Summary 
In t h i s c h a p t e r , we have i n t r o d u c e d a cumulant expans ion f o r p ( t ) , 
s 
The e q u a t i o n o f m o t i o n , e q u a t i o n ( I V - 1 9 ) , i s s t i l l e x a c t i f the r e s e r v o i r 
i s made of n o n - i n t e r a c t i n g b o s o n s . Equat ion ( I V - 2 2 ) i s our f i r s t a t t e m p t 
to make an a p p r o x i m a t i o n b a s e d on the s h o r t n e s s of the r e s e r v o i r r e l a x a -
40 
t i o n t i m e . T h i s p r o c e d u r e i s t o be i n v e s t i g a t e d more f u l l y i n Chapter V I 
but f i r s t we s h a l l a p p l y t h i s f i r s t approx imat ion t o an e x a m p l e , an h a r ­
monic o s c i l l a t o r i n t e r a c t i n g w i t h a r e s e r v o i r . T h i s problem h a s been a p ­
proached by many o t h e r s and we would l i k e to see i f our method produces 




I n t r o d u c t i o n 
As a d e m o n s t r a t i o n o f the u s e f u l n e s s of the t h e o r y deve loped i n 
the p r e c e d i n g c h a p t e r s , we i n v e s t i g a t e the c a s e of a quantum harmonic 
o s c i l l a t o r i n t e r a c t i n g w i th ano ther system d e s i g n a t e d as the r e s e r v o i r . 
We then t r e a t the s l i g h t l y more c o m p l i c a t e d c a s e of an o s c i l l a t o r i n t e r ­
a c t i n g wi th a r e s e r v o i r w h i l e b e i n g s u b j e c t e d t o a c l a s s i c a l d r i v i n g 
f o r c e . 
The Damped Harmonic O s c i l l a t o r 
We a p p l y the r e s u l t s of Chapter IV to the c a s e of a quantum h a r ­
monic o s c i l l a t o r i n t e r a c t i n g w i th an u n s p e c i f i e d r e s e r v o i r . The i n t e r ­
a c t i o n term of the Hami l ton ian i s taken t o have the form 
where q i s the p o s i t i o n c o o r d i n a t e of the o s c i l l a t o r and B i s some f u n c ­
t i o n of r e s e r v o i r v a r i a b l e s . 
For c o n v e n i e n c e , we b e g i n by summarizing some of the known p r o p e r -
V = q .B 
t i e s of the f r e e o s c i l l a t o r . 
21 
The e v o l u t i o n of the f r e e o s c i l l a t o r i s 
de termined by the sys tem H a m i l t o n i a n 
v-i 
4 2 
where the o p e r a t o r s p and q c o r r e s p o n d to the o s c i l l a t o r ' s momentum and 
p o s i t i o n , r e s p e c t i v e l y . The o s c i l l a t o r ' s mass and f requency a r e denoted 




The commutation r u l e 
- i t - V P 1 = 1 
and e q u a t i o n s ( V - 2 ) and ( V - 3 ) l e a d d i r e c t l y t o 
La ,a + l = l v -5 
By t a k i n g t h e p r o d u c t a + a , we form the u s e f u l h e r m i t i a n o p e r a t o r known as 
the number o p e r a t o r . We denote the e i g e n v e c t o r s of a + a as | n > where 
a + a l r \ > = r \ \ n > > n » o , i , » » > v -6 
< n l r v > = g . v-7 
and 
43 
L I ^ X N L = 1 V - 8 
Equat ions ( V - l ) , ( V - 5 ) , ( V - 6 ) , and ( V - 7 ) a r e a l l t h a t one needs to demon­
s t r a t e the f o l l o w i n g : 
A ! ' M > = ( n + I V ^ M + I ) v-io 
and 
D L R V > = . ( N V / L | N - L > v - n 
How do we c h a r a c t e r i z e the dynamical h i s t o r y o f the o s c i l l a t o r i n 
c o n t a c t w i t h a r e s e r v o i r ? There a r e v a r i o u s ways of c o u r s e , b u t the e x ­
p e c t a t i o n v a l u e s a t t ime t o f the o p e r a t o r s n = a + a and q , denoted by 
< n ( t ) > and < q ( t ) > , r e s p e c t i v e l y , seem p a r t i c u l a r l y r e v e a l i n g . In 
s s 
the p r o c e s s o f f i n d i n g s o l u t i o n s t o the e q u a t i o n s of mot ion f o r t h e s e 
q u a n t i t i e s , we w i l l d i s c o v e r t h e e q u i l i b r i u m d i s t r i b u t i o n o f o s c i l l a t o r 
energy e i g e n s t a t e s , the s h i f t i n the f requency o f the f r e e o s c i l l a t o r due 
t o the r e s e r v o i r and the r a t e a t which the system approaches e q u i l i b r i u m . 
As a p r e l i m i n a r y to t h e above program, l e t us u s e the p e r t u r b a t i o n 
t h e o r y and our i n t u i t i o n t o o b t a i n an i d e a of the c o r r e c t o s c i l l a t o r 
b e h a v i o r . 
Suppose P ( t ) i s the p r o b a b i l i t y t h a t , a t t ime t , the o s c i l l a t o r 
4 4 
i s in the n t l 1 unperturbed o s c i l l a t o r s t a t e and t h a t w n I s the r a t e a t 
which the o s c i l l a t o r makes a t r a n s i t i o n from the n 1 ^ o s c i l l a t o r s t a t e 
th 
t o the n s t a t e w h i l e , s i m u l t a n e o u s l y , the r e s e r v o i r makes a t r a n s i t i o n 
from a s t a t e w i t h energy to a s t a t e w i t h energy E^. We assume t h a t 
4 
P n ( t ) obeys the P a u l i m a s t e r e q u a t i o n , 
V - 1 2 
where g (E ) i s the r e s e r v o i r d e n s i t y o f s t a t e s f u n c t i o n . That i s , 
d E j g ( E j ) i s the number o f r e s e r v o i r s t a t e s w i th energy between E^ and 
E j + d E j . We have averaged o v e r i n i t i a l r e s e r v o i r s t a t e s and summed o v e r 
f i n a l r e s e r v o i r s t a t e s because we a r e o n l y i n t e r e s t e d in the change i n 
o c c u p a t i o n o f system s t a t e s . The r e s e r v o i r i s assumed t o b e d i s t r i b u t e d 
- i - 9 E i 
o v e r i t s energy s t a t e s a c c o r d i n g to the w e i g h t i n g f u n c t i o n Z e J 
where Z i s t h e r e s e r v o i r p a r t i t i o n f u n c t i o n and 8 = and T i s the tem­
p e r a t u r e . D e s p i t e i t s c o m p l i c a t e d form, e q u a t i o n ( V - 1 2 ) has a r e a s o n a b l e 
i n t e r p r e t a t i o n . d e c r e a s e s due t o t r a n s i t i o n s out of the n*"*1 o s c i l ­
l a t i o n s t a t e t o any o t h e r o s c i l l a t o r s t a t e . I f t h e n1"*1 o s c i l l a t o r s t a t e 
i s c e r t a i n l y o c c u p i e d , the r a t e a t which t r a n s i t i o n s a r e made from the 
th
 t . , t h . 
n t o , s a y , the n ' s t a t e i s g i v e n by 
4 5 
As ment ioned a b o v e , we a r e n o t i n t e r e s t e d i n the f i n a l r e s e r v o i r s t a t e , 
hence we i n t e g r a t e over E^ . We average o v e r i n i t i a l r e s e r v o i r s t a t e s . 
The r a t e a t which t r a n s i t i o n s a r e made to any o s c i l l a t o r s t a t e i s o b ­
t a i n e d by summing over n f . But t h i s i s the r a t e of t r a n s i t i o n s out o f 
th 
the n s t a t e when i t i s c e r t a i n l y o c c u p i e d ; to o b t a i n the g e n e r a l r e s u l t 
we m u l t i p l y by P n ( t ) and o b t a i n the f i r s t term of e q u a t i o n ( V - 1 2 ) ; the 
r a t e a t which p n ( t ) d e c r e a s e s . The second term, the r a t e a t which p n ( t ) 
i n c r e a s e s i s found by a s i m i l a r argument . 
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We approx imate W , J by F e r m i ' s g o l d e n r u l e , 
By u s i n g e q u a t i o n s ( V - 2 ) , ( V - 3 ) , ( V - 7 ) , ( V - 1 0 ) , and ( V - l l ) , i t i s e a s y to 
v e r i f y t h a t 
n , n 
i / e « . e i _ Z . T T 
Thus 
V - 1 3 
- S ( E ^ - E * - H w w - n i ) k E j a i E ^ 2 
4 6 
S u b s t i t u t i n g e q u a t i o n ( V - 1 3 ) i n t o ( V - 1 2 ) , summing over n f and i n t e g r a t i n g 
over E^, we f i n d 
We o b t a i n an e q u a t i o n f o r ^ < j ^ * " ^ > s by m u l t i p l y i n g both s i d e s o f equa­
t i o n ( V - 1 4 ) b y , and then summing o v e r , n : 
( c o n t i n u e d ) 
47 
* T fa 
•not) 
By making the change of v a r i a b l e E . -» E. - , we can w r i t e 
J J 
^ a " ' j j E j e e E ^ (E ^  <j(Ej +*<J.) l<Ej B l E j > l l v-16 
where 
* | < E i + 2 £ M & ! e r * ^ > l 2 
(Note t h a t I ( W q ) i s an even f u n c t i o n o f ® Q * ) * n the same way, l e t t i n g 
-h(ju 
E j - E + - j * , Z " J j E j e ^ C E ^ t e j - t u * * U E j - I U i l B l E j / V-18 
Using e q u a t i o n s (V-17) and (V-18) i n e q u a t i o n (V-15), we o b t a i n 
48 
d < ^ l > = - l ^ ) H U J S i n K < n W > , V - 1 9 
We have found t h a t f i r s t o r d e r p e r t u r b a t i o n t h e o r y and the P a u l i 
m a s t e r e q u a t i o n l e a d us to e x p e c t t h a t < n ( t ) > e x p o n e n t i a l l y decays 
s 
from i t s i n i t i a l v a l u e a t t=0 and a s y m p t o t i c a l l y converges t o the e q u i ­
l i b r i u m v a l u e 
U n < n l t » s = - i - - g ^ = ^ 
2fi Q^^o 
a t a r a t e determined by I (ou ) Sinh — « — . 17
 mcu o 2 
o 
We a l s o expec t t h a t the f requency of t h e o s c i l l a t o r w i l l be s h i f t e d 
from i t s unperturbed v a l u e by the i n t e r a c t i o n . In t h a t c a s e , the o s c i l -
2 
l a t o r w i l l e x p e r i e n c e a r e s t o r i n g f o r c e p r o p o r t i o n a l t o -GO q where 
CO — O 0 V - 2 1 
and 6(ju i s the s h i f t i n f r e q u e n c y . Then, keep ing o n l y terms l i n e a r i n 6ou, 
CJZ - Oo +2.6J 0 iCJ V - 2 2 
For a f r e e o s c i l l a t o r , Hu) i s the s e p a r a t i o n o f a d j a c e n t energy l e v e l s , 
e - e , o r 6 , , - e . We w i l l e s t i m a t e 6CD by c a l c u l a t i n g the second o r d e r 
n n - i n + i n 
49 
s h i f t s ( f i r s t o r d e r c o r r e c t i o n s v a n i s h ) i n the d i f f e r e n c e s e - e , and 
n n - i 
e
n + ^ ~
e
n > a v e r a g i n g them, and then d i v i d i n g by Hi. That i s , 
^
U r s
 " z V ( 5 ~ ^ ^ - S £ N - \ ) V - 2 3 
2 * 
22 
where from p e r t u r b a t i o n t h e o r y , 
Once a g a i n , we have averaged over r e s e r v o i r s t a t e s s i n c e we a r e c a l -
th 
c u l a t i n g the s h i f t in the n f o s c i l l a t o r s t a t e w h i l e the r e s e r v o i r i s 
d i s t r i b u t e d c a n o n i c a l l y . The symbol (P d e n o t e s t h a t t h e p r i n c i p a l v a l u e 
of the i n t e g r a l s i s t o be t a k e n . 
As b e f o r e , 
| < N ' I ^ 1 N " > | Z = ( J J A } ( ( N V F L i ^ n * + N * S ^ . N " ) v-24 
C o n s e q u e n t l y , 
- d e c ( r - e t c V - 2 5 
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Equat ions ( V - 2 3 ) and ( V - 2 5 ) , l e a d us t o 
V - 2 6 
Then by e q u a t i o n s ( V - 2 2 ) and ( V - 2 6 ) , the harmonic r e s t o r i n g f o r c e to 
second o r d e r i s p r o p o r t i o n a l to 
Equat ions ( V - 1 9 ) and ( V - 2 7 ) must be a p p r o x i m a t e l y c o r r e c t ; t h e r e ­
f o r e , the r e s u l t s of our more c a r e f u l t r e a t m e n t shou ld reduce t o them i n 
the p r o p e r l i m i t . 
With t h e s e r e s u l t s i n mind , we turn our a t t e n t i o n back to equa­
t i o n ( I V - 2 2 ) 
i _ ( V t > = - - ^ - L V \ S , P%it<\ - 4 " < & > £ V V - 2 8 
V - 2 7 
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where q has been s u b s t i t u t e d f o r A . With no l o s s o f g e n e r a l i t y , we can 
assume t h a t < B > = 0 s i n c e , i n any c a s e , we may w r i t e t h e i n t e r a c t i o n 
p a r t of the Hami l ton ian a s q - ( B - < B > ) ; the t o t a l H a m i l t o n i a n would r e ­
main the same i f the sys tem H a m i l t o n i a n i s r e d e f i n e d as H + < B > . The 
3
 s q 
e f f e c t o f a l l t h i s i s m e r e l y t o s h i f t the o r i g i n o f t h e o s c i l l a t o r c o o r ­
d i n a t e s i n phase s p a c e . 
By d e f i n i n g the o p e r a t o r s 
and 
V - 2 9 
V - 3 0 
e q u a t i o n ( V - 2 8 ) reduces t o 
D _ ^ C O — - ^ L H „ ^ T « L + - ^ R L ^ ^ W O . T O L v - 3 i 
We now demonstra te t h a t , as a consequence o f our a s s u m p t i o n , the 
r e s e r v o i r r e l a x a t i o n t i m e , t c , i s v e r y much l e s s than U)Q \ the q u a n t i t i e s 
and a r e t ime independent f o r t v e r y much g r e a t e r than (UQ ^ . A c t u ­
a l l y , s i n c e 
Q » + V - 3 2 
5 2 
i t i s s u f f i c i e n t to t r e a t a l o n e . 
We r e c a l l t h a t the o p e r a t o r q ( t " - t ) appear ing in e q u a t i o n ( V - 2 9 ) 
i s i n the i n t e r a c t i o n p i c t u r e . Hence , by e q u a t i o n s ( V - 2 ) and ( V - 3 ) , 
where a and a + a r e now i n the Schrod inger p i c t u r e . 
The o t h e r q u a n t i t y i n the i n t e g r a n d o f e q u a t i o n ( V - 2 9 ) , B ,, , i s 
t , t 
d e f i n e d by e q u a t i o n s ( I V - 5 ) , ( I V - 1 1 ) , and ( I V - 1 2 ) w i th < B > s e t t o z e r o . 
Hence , 
fb^t = ^ B ( t " > B U r t > V - 3 4 
= Z * 1 J d E j ^ < C j l S l t ^ B C r t l E T ^ 
By i n s e r t i n g a f a c t o r of u n i t y in the form 
and u s i n g the r e l a t i o n s 
and 
E I E K > = E I T K > 
we can w r i t e 
-ee . 
We d e f i n e the F o u r i e r t r ans form o f |3 „ by 
E > E 
o o 
Z.TT 
— O O 
Then 
- oo 
Equat ions ( V - 3 5 ) and ( V - 3 7 ) combine t o p roduce the r e s u l t 
eft to 
= 2 E Z 
where e q u a t i o n s ( V - 1 6 ) and ( V - 1 7 ) and the i d e n t i t y 
5 4 
2TT 
have been u s e d . 
I n s e r t i n g the F o u r i e r expans ion of 8 „ i n t o the e x p r e s s i o n f o r 
t , t 
( t ) , we have 
I n t e r c h a n g i n g the o r d e r of i n t e g r a t i o n , 
V - 4 0 
- CO 
a \ e d t ' j 
o 
where we have s u b s t i t u t e d t* f o r t - t " . The t ime i n t e g r a t i o n i s e l emen­
t a r y , 
V-41 
I f the r e s e r v o i r r e l a x a t i o n t ime i s t , i t i s w e l l known t h a t the t r a n s -
c 
form, S(ou), o f the c o r r e l a t i o n f u n c t i o n , 0 „ , has a bandwidth , A^, 
-1 23 -1 
p r o p o r t i o n a l t o t f i . S i n c e t » U ) q by h y p o t h e s i s , then » U) Q. 
C o n s i d e r the i n t e g r a l 
55 
— C O 
oo 
4" 6, U«J/3fcft 
On t h e r i g h t , l e t uT = CD-GU^. Then , 
- o o 
' - t o 
- 5 
•co 
+ i. C,«j' ( I - Cos w*<r) 
V - 4 2 
T h i s l a s t e x p r e s s i o n i s c o r r e c t f o r a r b i t r a r y § , of c o u r s e , but we choose 
5 such t h a t pCuo'+u )^ does n o t change a p p r e c i a b l y ( t h a t i s , P G D ' - H D ) does 
n o t d i f f e r from 3 ( U ) q ) by more than a prede termined f r a c t i o n o f 3 ( ( D q ) ) i n 
the i n t e r v a l - I * ^ u) f => | . § may be as l a r g e as U) q s i n c e our d i s c u s s i o n 
of the r e s e r v o i r bandwidth g u a r a n t e e s t h a t U ) q i s w e l l w i t h i n t h a t f r e ­
quency i n t e r v a l . In any c a s e , we may approx imate M as f o l l o w s : 
56 
M * S i n . * - c f d " i ^ * S 4 ( , _ C ^ 0 V - 4 3 
24 
Riemann's theorem from advanced c a l c u l u s s t a t e s : I f F ( x ) i s s e c t i o n a l l y 
c o n t i n u o u s i n ( a , B ) , then 
- O 
I f we assume t h a t B ' C u u ' + u ^ ) i s s e c t i o n a l l y con t inuous in the i n t e r v a l s 
a n d
 i t i s r e a s o n a b l e t o a p p l y the theorem t o the f i r s t 
and t h i r d l i n e s on the r i g h t hand s i d e o f e q u a t i o n ( V - 4 3 ) i f we r e q u i r e 
2TT 
t h a t t » . F u r t h e r , 
s i n c e the i n t e g r a n d i s an odd f u n c t i o n of c u 1 . Hence , 
C O ' 
5 7 




I f we take the l i m i t § -» 0 (keeping the p r o d u c t § t » 2 T T ) , the q u a n t i t y 
2 5 
i n b r a c k e t s i s i d e n t i c a l t o the p r i n c i p a l v a l u e of the i n t e g r a l . 
T h e r e f o r e 
M = T T / 2 > ( A . ^ + i < P P L M ^ L
 v_44 
— CO 
T h i s r e s u l t c o u l d have been o b t a i n e d d i r e c t l y from e q u a t i o n ( V - 4 0 ) 
2 6 
by u s i n g the sumbol ic i d e n t i t y 
U M U T C = • T T 4 ( O - C O * } + C R - J , ^ V - 4 5 
T - * < * > 3 
o 
I n s t e a d of r e p e a t i n g the s t e p s l e a d i n g t o e q u a t i o n ( V - 4 4 ) , we t h e r e f o r e 
w r i t e 
U m U T ' £ - T T < F ( o - W ^ + c ^ " Z O T T J O V - 4 6 
t - * o o j * 
58 
V - 4 7 
and i t f o l l o w s from e q u a t i o n s ( V - 4 5 ) and ( V - 4 6 ) t h a t 
L
 -co 
Then by e q u a t i o n ( V - 3 2 ) , 
ft- W ( I S A ? [ * ( • * ^ - c 4°L'J^ ) 
I f we use e q u a t i o n ( V - 3 8 ) t o r e p l a c e 3(d)) by 2e I ( u ) ) , we can 
show t h a t 
V - 4 8 
- Z T r e * I ( ^ ^ H F ^ R — ^ — J 
<-eo 
where we have used the f a c t t h a t 1(d)) i s an even f u n c t i o n of ou. In the 
same way, 




E q u a t i o n s ( V - 3 1 ) , ( V - 4 9 ) , and ( V - 5 0 ) a r e a l l we need t o c a l c u l a t e 
< n ( t ) > and < q ( t ) > . The e x p e c t a t i o n v a l u e a t t ime t of any f u n c t i o n 
s s 
of o s c i l l a t o r o p e r a t o r s i s g i v e n by 
< O S U Y > = T R s ( O s P U T " ) ) V - 5 1 
where 0 i s i n the S c h r o d i n g e r p i c t u r e . Then, 
s 
4 - < O , N A > = T R % ( O » J F I F I A 
»*» 
dp ( t ) 
Using e q u a t i o n ( V - 3 ) f o r — — 
60 
^ P = - T L T > ( O V L H . , ^ l 0 l ) V-52 
By us ing the i d e n t i t y 
t r AB = t r BA, 
i t i s easy t o demons t ra te tha t 
A A 
t r ( 0 [ A , B ] ) = t r ( [ 0 , A ] B ) . V-53 
Hence , 
^ f f i f r = - t ( t O, , H,l /Ostt^ V - 5 4 
We w i l l now use t h i s formula t o o b t a i n the e q u a t i o n o f m o t i o n f o r 
< q ( t ) > » the ave rage p o s i t i o n c o o r d i n a t e o f the o s c i l l a t o r . P u t t i n g q 
i n p l a c e o f 0 in e q u a t i o n (V-54 ) and us ing 
s 
and 
we o b t a i n 
61 
Repeat ing t h i s o p e r a t i o n wi th p s u b s t i t u t e d f o r 0 i n e q u a t i o n 
s 
( V - 5 4 ) , we f i n d 
d t 
I t f o l l o w s from e q u a t i o n s ( V - 4 9 ) and ( V - 5 0 ) t h a t 
ft - <fc - fe.Y' i ^ ( e e - - e * * ) ( < » . - « • ) 
J
-<© OJ' 
Equat ion ( V - 5 7 ) can b e s i m p l i f i e d by combining the two p r i n c i p a l p a r t 
i n t e g r a l s . To t h i s end , we make the change of v a r i a b l e s u^-ko1 = cu i n the 
f i r s t i n t e g r a l and u^-cu 1 - u> i n the s e c o n d . Then, 
< ? L , _ e l l^yl + ( p f ^ . ^ J : ^ a s i t t l 
— C O / — A S 
CO - COe 
ehtu -8ftou 
Then s u b s t i t u t i n g 2Sinh = e 2 - e 2 , we f i n d 
62 
Q
' - 0 * = * ( z f e f K o ^ S L * k V - 5 8 
But s i n c e 
and 
i t f o l l o w s t h a t 
Then, 
d<PCtV> 
( c o n t i n u e d ) 
V - 5 9 
60 
63 
Equat ions ( V - 5 5 ) and ( V - 6 0 ) combine t o produce the d e s i r e d equa­
t i o n o f m o t i o n , 
V - 6 1 
- c o 
Equat ion ( V - 6 1 ) shows t h a t the i n t e r a c t i o n between the o s c i l l a t o r 
and r e s e r v o i r produces a change i n the r e s t o r i n g f o r c e of the o s c i l l a t o r 
as w e l l as a v e l o c i t y dependent damping f o r c e . The change i n o s c i l l a t o r 
f r e q u e n c y r e q u i r e d to g i v e the second terra on t h e r i g h t o f e q u a t i o n ( V - 6 1 ) 
i s p r e c i s e l y t h a t p r e d i c t e d by the p e r t u r b a t i o n method of e q u a t i o n ( V - 2 7 ) . 
The damping term i n e q u a t i o n ( V - 6 1 ) w i l l e v e n t u a l l y l e a d t o a 
c o n d i t i o n o f e q u i l i b r i u m between the o s c i l l a t o r and r e s e r v o i r . To d e ­
termine i t s p r o p e r t i e s , we c a l c u l a t e 
< r\ t o > = t r % ( a + a f > 4 ctV) v - 6 2 
Now, the S c h r o d i n g e r o p e r a t o r a + a has as e i g e n s t a t e s the unperturbed 
e n e r g y s t a t e s o f the f r e e o s c i l l a t o r H a m i l t o n i a n . We e x p e c t any s h i f t i n 
64 
the o s c i l l a t o r f r equency t o c o m p l i c a t e ma t t e r s s i n c e any e q u i l i b r i u m d i s -
t r i b u t i o n o f s t a t e s w i l l i n v o l v e the r e n o r m a l i z e d s t a t e s . Equat ion ( V - 6 1 ) 
t e l l s us tha t i t i s the p r i n c i p a l p a r t c o n t r i b u t i o n s t o and tha t 
p r o d u c e s t h i s f r equency s h i f t . So tha t our r e s u l t s may b e more e a s i l y 
i n t e r p r e t e d , we w i l l i g n o r e the p r i n c i p a l p a r t s and w r i t e i n s t e a d : 
and 
Q z = ( i ^ . Y ^ < H * e v-64 
+ A With t h e s e a p p r o x i m a t i o n s , we s u b s t i t u t e a a f o r 0 i n e q u a t i o n ( V - 5 4 ) t o 
s 
o b t a i n 
I t i s a s i m p l e ma t t e r t o v e r i f y tha t 
65 
and 
T h u s , 
^-^T = - ^ Si"k 
where we have used 
and 
t r s ( L « i * V o M = ^ V i + a t t t ^ 
d 2 + 2 
We can now c a l c u l a t e ^ < a ( t ) + a ( t ) > g by r e t u r n i n g t o e q u a t i o n 
2 + 2 * ( V - 5 4 ) and s u b s t i t u t i n g a +a f o r 0 . Using the same a p p r o x i m a t i o n f o r 
s 
and Q 2 , we o b t a i n 
66 
d t K M f c ) 0 2-
V-66 
2 
The same p r o c e d u r e a p p l i e d once aga in p r o v i d e s the needed r a t e 
2 +2 
e q u a t i o n f o r i < a ( t ) - a ( t ) > : 
Equa t ions ( V - 6 5 ) , ( V - 6 6 ) , and ( V - 6 7 ) form a system o f c o u p l e d , 
l i n e a r , f i r s t o r d e r d i f f e r e n t i a l e q u a t i o n s in the v a r i a b l e s < n ( t ) > , 
2 +2 2 +2 
< a ( t ) + a ( t ) > , and i < a ( t ) - a ( t ) > . One needs o n l y t o s p e c i f y 
the i n i t i a l v a l u e s o f t he se v a r i a b l e s t o u n i q u e l y de te rmine t h e i r v a l u e s 
a t a l l t i m e s . S i n c e the o s c i l l a t o r i s i n i t i a l l y i n a pure s t a t e o f the 
unper tu rbed o s c i l l a t o r Hami l t on i an , we have the i n i t i a l v a l u e s : 
V-67 
V-68 
< a \ o + - a ! t t V > | = o 
and 
67 
The s o l u t i o n s o f the d i f f e r e n t i a l e q u a t i o n s t h a t s a t i s f y the i n i t i a l 
c o n d i t i o n s a r e : 
< n l t ) > =. n e V-69 
+ " i Z l * e l K , t [ c j * - ( £ j ^ - £ » C o % z c 3 t l 
C O 
and 
i « t M - o ? l t » = ( n t - n e ) eKX( I - C O J z Z t ) v - 7 i 
C O ' 
where 
= the i n i t i a l o c c u p a t i o n number o f the o s c i l l a t o r ; 
Ma - 9 the a v e r a g e o c c u p a t i o n number f o r an o s c i l l a t o r d i s -
e ° - l 
t r i b u t e d among i t s f r e e s t a t e s a t t emperature T = ^ ; V - 7 2 
53 = V f u ) 2 - K 2 ) V - 7 3 
and „ 1
 T, , . ? ^ o „ 
K i - s c r 1 ^ S l n h T " * V " 7 4 
o 
We demons tra te the method used t o f i n d t h e s e s o l u t i o n s i n the n e x t s e c t i o n , 
Equat ion ( V - 6 9 ) shows t h a t , i n the i n f i n i t e t ime l i m i t , the a v e r ­
age o c c u p a t i o n number approaches the e x p e c t e d c o n s t a n t v a l u e a p p r o p r i a t e 
f o r an o s c i l l a t o r i n e q u i l i b r i u m a t t h e t emperature o f t h e r e s e r v o i r . 
From t h e same e q u a t i o n , we s e e t h a t the r a t e o f approach t o e q u i l i b r i u m 
68 
i s de termined by K.. = 
mnoj 
1 
I(OJ ) Sinh 
o 
o 
Comparing t h e s e r e s u l t s t o t h o s e o b t a i n e d by p e r t u r b a t i o n t h e o r y 
( c . f . e q u a t i o n s ( V - 1 9 ) and ( V - 2 0 ) ) , we see t h a t t h i s more c a r e f u l t r e a t ­
ment d i f f e r s o n l y in the i n c l u s i o n o f a damped o s c i l l a t o r y f a c t o r i n the 
not hav ing made the " r o t a t i n g wave" approx imat ion ' ' and presumably 
c o u l d be o b t a i n e d v i a p e r t u r b a t i o n t h e o r y a s w e l l . In our f o r m a l i s m , 
2 + 2 
dropping the < a ( t ) + a ( t ) > term o f e q u a t i o n ( V - 6 5 ) would be e q u i v a l e n t 
to making the r o t a t i n g wave a p p r o x i m a t i o n . 
The Driven O s c i l l a t o r 
We add to the i n t e r a c t i o n term o f the f u l l Hami l ton ian a term 
r e p r e s e n t i n g a c l a s s i c a l d r i v i n g f o r c e . That i s , 
where v ( t ) i s an o r d i n a r y t ime dependent f u n c t i o n and , as b e f o r e , B i s a 
t ime independent f u n c t i o n o f r e s e r v o i r c o o r d i n a t e s . The f a c t t h a t the 
f u l l H a m i l t o n i a n , H^ + H g + V ( t ) i s now t ime dependent r e q u i r e s t h a t we 
change e q u a t i o n ( I I I - 7 ) t o read 
t ime evo lvement o f < n ( t ) > . 27 The o s c i l l a t o r y f a c t o r i s a r e s u l t o f 
V - 7 5 
V - 7 6 
The e q u a t i o n f o r t h e reduced d e n s i t y m a t r i x o p e r a t o r i s changed s l i g h t l y 
69 
from e q u a t i o n ( I I I - l l ) so t h a t 
^ u ^ - < s i , | £ { ^ • • e • e V E I L T . e w " " • " • • , , ^ t " < < * ' , , 
28 
We need the f o l l o w i n g theorems 
V - 7 7 
T _ E X P H T 4. ^ - ( D T / I / ( T ' \ I v - 7 8 
o 
= T . e x p t ^ - [ v T ( f ) d t ' ] e x p i H t 
and ^ 
T e x
 p I - kH * ~ ~t W v(x,A v"79 
O 
„ i / f i H t 1 - i / f i H t ' 
where V ^ t ' ) = e ' V ( t ' ) e 
Hence 
V - 8 0 P s t o « e < s i j z i f z - 1 e < ^ i x e • 
Equat ion ( V - 8 0 ) i s e x a c t l y o f the same form a s e q u a t i o n ( 1 1 1 - 3 1 ) . We may 
then d e f i n e a cumulant expans ion j u s t as b e f o r e . The c l a s s i c a l f o r c i n g 
f u n c t i o n , v ( t ) , w i l l appear in the r e s u l t i n g e x p r e s s i o n f o r W-^  but not in 
70 
the e q u a t i o n f o r T h i s i s e a s i l y seen from e q u a t i o n ( I V - 4 ) . The i n t e ­
grands on the r i g h t hand s i d e o f t h a t e q u a t i o n c o n t a i n f a c t o r s o f the type 
< B - r l t " ) B T ( t ' V > - < : & T U ^ > < E > T ( t " ) > 
= < B l f > &(t'*V> - <BttO><fR , ( t") N > + < ^ B ( t " ) Vlt")> 
+ vif)<w)> +ir-(f)ir(t") - < Blt')>v(t") 
- vit'XvLf)^ - v-(t')ir(t") 
where we have used e q u a t i o n ( V - 7 5 ) and the f a c t t h a t v ( t ) i s an o r d i n a r y 
f u n c t i o n o f t i m e . Hence , the c o n t r i b u t i o n s due to v ( t ) in W 2 e x a c t l y 
c a n c e l . 
R e t r a c i n g the work o f Chapter IV and assuming t h a t < B > = 0 , we 
would a r r i v e a t the e q u a t i o n o f mot ion f o r p ( t ) : 
s 
4rXgl = - [H» , f tL±\ \ - 1%,vet) v - 8 i 
- L<^ p i t r t O t l 
7 1 
and f o r any o s c i l l a t o r v a r i a b l e 
<K0sttV> _ _ J , f
 r ( L o ^ M O A f t O - ^ ^ ^ f o A l / w ) v - 8 2 
Repeat ing the c a l c u l a t i o n s o f t h e f i r s t s e c t i o n o f t h i s c h a p t e r , we 
e a s i l y o b t a i n e q u a t i o n s o f mot ions f o r < q ( t ) > , < p ( t ) > , < n ( t ) > , 
2 + 2 2 + 2 
< a ( t ) + a ( t ) > , and i < a ( t ) - a ( t ) > . I g n o r i n g p r i n c i p a l p a r t c o n ­
t r i b u t i o n s , they a r e : 
V - 8 3 
< p c t \ > = m i M v - 8 4 
d t 
< r U t
^ _ _ i K , < n ( t V > + K. < « ? c o + a * < t \ > v - 8 5 
V - 8 6 
and 
• U a f o - f t + U ^
 2 ^ < f i t w + V - 8 7 
72 
where 
^ - s ^ 1 ^ ^ - ^ v - 8 8 
and 
The s o l u t i o n to equat ion ( V - 8 3 ) i s w e l l known from e l e m e n t a r y 
29 
m e c h a n i c s . In t h e most g e n e r a l form, i t i s 
V - 9 0 
o 
where < q ( t ) > ^ i s the s o l u t i o n i n the absence o f the d r i v i n g f o r c e , 
E q u a t i o n s ( V - 8 5 ) through ( V - 8 7 ) can be w r i t t e n i n the form 
i L X i ( 0 = 7 A H X W t ^ + D i C t > v - 9 i 
d t T 
where 
X = [ < C X 2 C O + • c t t o > ] V - 9 2 
- 2 * . K i O 
A — [ *t K» - 2 K . - i t o * . ] v - 9 3 
73 
and 
One may d e c o u p l e the e q u a t i o n s ( V - 9 1 ) by f i n d i n g t h e m a t r i x S that d i -
a g o n a l i z e s A . M u l t i p l y i n g ( V - 9 1 ) by S k i and summing o v e r i , we o b t a i n 
V - 9 5 
We may i n s e r t u n i t y in the form 
i n t o e q u a t i o n ( V - 9 5 ) so t h a t 
( I * * * X i t * ^ = £ Z~ ( ^ S K i A t j S 7 j ) V - 9 6 
X j ( 0 ^ - L S k i D o C O 
Then by h y p o t h e s i s , 
74 
where \ ^ i s t h ? e i g e n v a l u e o f the m a t r i x A . T h e r e f o r e , 
^ ( £ S K I X t ( t 9 ) = XxCLS^ X ^ r t ) + £ S K £ D £ ( t ) v - 9 7 
D e f i n i n g the f u n c t i o n s 
U ^ I O - ^ S K I M O V - 9 8 
V - 9 9 
e q u a t i o n ( V - 9 7 ) becomes 
30 
T h i s e q u a t i o n i s an e l e m e n t a r y type and has s o l u t i o n 
Then from e q u a t i o n ( V - 9 8 ) , 





1 _ I D 1 
o 
c _ L 
V 
C0 0 lO 
K . U i 
6 0 ^ U > ) - K.1" V - 1 0 5 
By impos ing the boundary c o n d i t i o n s , 
»t«t> 
V - 1 0 2 
V - 1 0 3 
V - 1 0 4 
and 
76 
= O V - 1 0 6 
we f i n d 
V - 1 0 7 
- W F E Cl- C O S z.c3tt'-c>)l/<t')<9(t')> 
O ^ 
f 
where < n ( t ) > i s the s o l u t i o n when v ( t ) = 0 . 
As an example , suppose the combined system i s s u b j e c t e d to a p u l s e 
a t t ime t . Then, 
c ' 
V - 1 0 8 
6 S T N Q L T - C j * , R > T C 
V - 1 0 9 
O > z<.tt 
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Summary 
We have shown t h a t by u s i n g the approx imate e q u a t i o n o f mot ion 
( I V - 2 2 ) , our method produces r e s u l t s t h a t a g r e e w i t h l e s s r i g o r o u s t r e a t ­
ments based on p e r t u r b a t i o n t h e o r y . We have not used the r o t a t i n g wave 
approx imat ion as i s commonly done and the damping terms o f e q u a t i o n s 
( V - 6 9 ) and ( V - l l l ) a r e m u l t i p l i e d by o s c i l l a t i n g f a c t o r s a b s e n t from o t h e r 
t r e a t m e n t s . 
In the n e x t c h a p t e r , we i n v e s t i g a t e the s i g n i f i c a n c e o f the a p p r o x i ­
mat ion used h e r e . I t t u r n s out t h a t e q u a t i o n ( I V - 2 2 ) i s the r e s u l t o f 
t r u n c a t i n g an expans ion o f the e x a c t e q u a t i o n o f mot ion f o r p ( t ) in which 
t h e n t h term i s p r o p o r t i o n a l t o t ^ 2 n ~ ^ where t £ i s t h e r e s e r v o i r r e l a x a ­
t i o n t i m e . T h u s , the r e s u l t s o f t h i s c h a p t e r and t h o s e o f p e r t u r b a t i o n 
t h e o r y a r e v a l i d o n l y f o r r e s e r v o i r s which r e l a x q u i c k l y . J u s t how one 
d e c i d e s whether a g iven r e l a x a t i o n t ime i s s h o r t enough f o r a g iven a p ­




I n t r o d u c t i o n 
The work o f Chapter IV produced an e q u a t i o n of mot ion f o r t h e 
reduced d e n s i t y o p e r a t o r , 
We have a g a i n made the assumption t h a t < B > = 0 . By comparing e q u a t i o n s 
( I V - 1 7 ) and ( I V - 1 8 ) , i t can be demonstrated t h a t F 9 i s o b t a i n e d by t a k i n g 
the Hermit ian a d j o i n t o f and i n t e r c h a n g i n g the s u b s c r i p t s 1 and 2 . 
W ( t ) i s the second cumulant d e f i n e d in e q u a t i o n ( I V - 4 ) , 
By making the a p p r o x i m a t i o n s c o n t a i n e d in e q u a t i o n s ( I V - 2 0 ) and 
A A 
( I V - 2 1 ) , ^i~^2 w a S r e P l a c e c * D y a n o p e r a t o r q u a n t i t y whose a s y m p t o t i c v a l u e 
i s t ime i n d e p e n d e n t . The r e s u l t s o b t a i n e d in Chapter V by t h i s a p p r o x i ­
mat ion a r e a l m o s t i d e n t i c a l to t h o s e o b t a i n e d by o t h e r s u s i n g f i r s t o r d e r 
p e r t u r b a t i o n t h e o r y t o g e t h e r w i th t h e assumption t h a t the r e s e r v o i r r e ­
mains a t a l l t imes in a c a n o n i c a l d i s t r i b u t i o n of s t a t e s a t the i n i t i a l 
t e m p e r a t u r e . Our approach i s l e s s dependent upon i n t r i c a t e compar i sons 




o f the v a r i o u s t ime s c a l e s i n v o l v e d than some o t h e r t r e a t m e n t s b u t , up to 
t h i s p o i n t , we share w i t h t h e s e workers the concept r e f e r r e d to in the 
t h a t the change in the d e n s i t y m a t r i x a t t ime t does not depend upon i t s 
v a l u e a t any o t h e r t ime but t . I t was t h i s n o t i o n t h a t l e d us t o equa­
t i o n s ( I V - 2 0 ) and ( I V - 2 1 ) . In t h i s c h a p t e r , we t r e a t our problem w i t h 
more c a r e in the hope o f d i s c o v e r i n g a more p r e c i s e c r i t e r i o n f o r impos ­
i n g the Markof f approx imat ion than the vague s ta t ement about the s h o r t n e s s 
o f t in comparison to the i n v e r s e o f the s y s t e m ' s n a t u r a l f r e q u e n c i e s . 
l i t e r a t u r e as the Markof f a p p r o x i m a t i o n . 
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In our c a s e , t h i s s i m p l y means 
c 
The E a r l i e r - L a t e r Expansion 
By d e f i n i n g 
U U t . e ) « T ^ T ^ A , ( t - ) e V T - 2 
where 
- I 
2.V ^ M U A . ^ < T - * 1 M W B l O > vi-3 
we may w r i t e 
V I - 4 
Our method o f a t t a c k i s to d e v e l o p an expans ion f o r U ( t , t " ) in which the 
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t h th 
k term i s s m a l l e r than the ( k - 1 ) term by a f a c t o r p r o p o r t i o n a l t o the 
r e s e r v o i r r e l a x a t i o n t i m e . To t h i s e n d , we make the decompos i t i on 
where 
A " ( * . 
V I - 6 W l t " ) = - - £ r t j d t . j j t ^ A , ( t . K T * B t « B t t , , i > 
W e , , It.t") ~ - -Jr Yt.WlJA,(rtA,W<B(««tiD + A d t t l A A ^ B ( U B t i i > V I " 7 
and 
W , < t , f ' ) - - ^ d t . <h.,[/V,(t:> A , ( t t ^ < T » B t O B l t ^ v i - 8 
+ M O A A V T * felO & 0 O > - 2 A . f t A M i X W t ^ B f t ^ j 
To o b t a i n e q u a t i o n ( V I - 7 ) , we have c a r r i e d out the o r d e r i n g on the B 
o p e r a t o r s s i n c e the i n t e g r a l s over t^ and do not o v e r l a p . A l s o , t h e r e 
has been a change o f v a r i a b l e s to o b t a i n a s i m p l e r r e s u l t . 
S u b s t i t u t i n g e q u a t i o n ( V I - 5 ) i n t o e q u a t i o n ( V I - 2 ) we f i n d 
8 1 
W+W 
e Sj Z 
We may f a c t o r e ' s i n c e we may t r e a t w
 Q and w f l a s o r d i n a r y f u n c -
A l A 2 
t i o n s u n t i l we a p p l y the o p e r a t o r s T_ and T_ . In the same v e i n , we may 
W e je + w x 
expand e ' to o b t a i n 
V I - 9 
T h i s l a s t form i s the d e s i r e d expans ion i f we can show t h a t the s e r i e s 
c o n v e r g e s . We have no r i g o r o u s p r o o f t h a t i t does in f a c t converge but a 
q u a l i t a t i v e i n v e s t i g a t i o n o f the o s c i l l a t o r problem o f Chapter V l e a d s 
one to be o p t i m i s t i c ( s e e Appendix B ) . The r e s u l t o f t h a t i n v e s t i g a t i o n 
i m p l i e s t h a t t h e c o n d i t i o n f o r convergence o f the s e r i e s in e q u a t i o n ( V I - 9 ) 
i s tha t 
* BE* t , l
 A 
2 S u j / - ^ r -L V I - 1 0 
That i s , the combinat ion o f the s h o r t n e s s o f the r e s e r v o i r r e l a x a t i o n t ime 
and t h e weakness o f the i n t e r a c t i o n s t r e n g t h must be such t h a t the p r o b a ­
b i l i t y t h a t the sys tem w i l l make a t r a n s i t i o n in a t ime i n t e r v a l comparable 
to t i s s m a l l , 
c 
Under the assumpt ion t h a t the above comment a c t u a l l y a p p l i e s in our 
c a s e , we r e t u r n to e q u a t i o n ( V I - 9 ) and w r i t e 
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UCt.t'") s T - * ' T ( A , ( t " > £ ) v i - n 
- T . " T ^ A 1 ( f ^ w . e w l t ? ^ T A t A , ( t " ) W „ e w < t " > ) 
w ( t ") 
S i n c e t " i s the l a t e s t t ime in e , the f i r s t term i s s imply e q u i v a l e n t 
to 
VI-12 
The second i s more c o m p l i c a t e d . S u b s t i t u t i n g f o r from i t s d e f i n i t i o n , 
e q u a t i o n ( V I - 8 ) , we o b t a i n 
T ^ T N A . i n w ^ e ^ ) vi-13 
v e r y 
< T * E » l t M i l t O > T . A ' T ^ ( A , < f i A j W M t ^ e ) 
In t h i s c a s e t ^ , t _ > t " > t h e r e f o r e , 
" T T T N A . U ^ A . ^ A . C t ^ C ) v i - w 
But 
* M t M > > A . t o M t a e c t . - r ^ 
= L A . c t ^ A . i t f l e i t i - t a A . i t a 
+
 A . t t , K A l t t ' " ) , A , ( t , . Y l © C t i r t ^ 
+ L A . l t " ) , A , ( t t S ] e ( t , - t ^ A , ^ 
* A , ( t ^ L A , ( t " " > ) A l C t 1 1 i l e C t , - 0 
+ T . ^ A . C t ^ A . C t ^ A d r " ) 
_ ( T _ * . y * x e w i t » » w l K i ( t - ^ ^ l t i ^ e c t t - t ^ A . c t ^ 
where 
Then, 
T _ K ' T ( A , ( t " ) A , ( U A , ( t ^ ) 
( c o n t i n u e d ) 
8 4 
* A l ( t ^ l A 1 ( t " ) , A , ( t . f l e ( t . - t a j + ( - n M * » A . l O A , ( O e ) * . i O 
S i n c e [ A 1 ( t ) , A 2 ( t ' ) ] = 0 , 
T . T " ( A . a ^ A j t . ^ A ^ e ) v i - 1 7 
In a s i m i l a r way, 
V I - 1 8 
= T . N T A I ( A . ( O ^ e w t e " ) A , I f ) 
S u b s t i t u t i n g e q u a t i o n s ( V I - 1 6 ) , ( V I - 1 7 ) , and ( V I - 1 8 ) i n t o e q u a t i o n ( V I - 1 3 ) , 
we o b t a i n 
T _ * ' T * * ( K ( f ) w , e w t t " ' ) VI-19 
( c o n t i n u e d ) 
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* ( t A < t " ) , A . ( t I >lA, l«+A,t t^[A. ( f^ , t t . \ l ) j 
+ j d t , [ j t i < B l t , ^ t ^ > T _ N T A k * ( A l ( t t ' > e W t t ' y ) L A . ( t " ) A ^ 
t - 't" 
"K 
Repeat ing t h i s p r o c e d u r e , we f i n d t h a t 
= T - T ^ ( w e , . e w t t ^ 
- ( d t . ( d t 1 . < B ( W B t t . V > T > T * * ( A l ( t ^ e W < r ' > ) t A . ( t " ) , A . ( ^ l 
t" 'o 
Using t h e s e r e s u l t s in the e q u a t i o n f o r U ( t , t " ) and a f t e r a sequence o f 
s t r a i g h t f o r w a r d m a n i p u l a t i o n s , 
[X(t,t") V I - 2 1 
U . d t t < X % B W B ( 0 > ( T M f c * A . W e j [ A . t C W t f l 
V Jo ( c o n t i n u e d ) 
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- £ i | j t , j j t t < B t o B « o > ( T _ A ' T A ' A I ( 0 e " " ^ l A < t " > , \ < * . V ] 
+ - 1 ^ Gt L < s c « B t t a > e ( t r t ^ ( T > T A ^ c t ' ' ) ) [ A ^ t A > f A , t t ' O A ^ l ] 
J t . . J v . 
C o n s i s t e n t w i t h the a p p r o x i m a t i o n s a l r e a d y made, we a r e j u s t i f i e d in r e -
A A „ A A 
p l a c i n g T ^ T 2 [ ( l + w +w
 g ) e w ( t by T_^"T 2 e w ( t ) . A l s o , e q u a t i o n ( V I - 2 ) 
e ei 
shows t h a t 
and 
But t h e s e q u a n t i t i e s appear in terms a l r e a d y c o n s i d e r e d s m a l l and we may 
w r i t e 
and 
T h e r e f o r e , 
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Ul(t>f^ V I - 2 2 
= ( T M ^ e w l t V , ( t i 
, 1 , t 
'«> '© 
t f t 
We use t h i s e x p r e s s i o n f o r U ( t , t " ) in e q u a t i o n ( V I - 4 ) to o b t a i n 
F, = U t " < B l f } B l f » P i L t \ A ( t " - t> v i - 2 3 
. e t l t " t " > A c t 1 - t ^ e ( t . - t " > ^ ( f - ^ , K ( t . - o - i } 
+ ^ * " [ d t « | < J t t | < & (f) B I t V>< Btt.^ B ( t ^ 
• j d ^ J j t , ( i t ^ C B i f ) B ( f > > < B t t O Btt,V> 
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S i n c e the p o s i t i o n s o f the A o p e r a t o r s a r e now f i x e d , the s u b s c r i p t s have 
been dropped . Again t h e r e has been much t e d i o u s rearrangement to a r r i v e 
a t t h i s r e s u l t , but the e s s e n t i a l f e a t u r e i s the commut iv i ty o f A^ and 
o p e r a t o r s . Equat ion ( I V - 7 ) has been used to o b t a i n the d e n s i t y o p e r a t o r s 
t h a t o c c u r . S ince we suppose that r e s e r v o i r c o r r e l a t i o n f u n c t i o n i s zero 
f o r | t - t " | > t^y we may o b t a i n a l o c a l - i n - t i m e e q u a t i o n by s e t t i n g 
- i H s ( t - t M ) / r r n i H 8 ( t - t " ) / K 
e p ( t " ) e = p ( t ) . T h i s i s c o n s i s t e n t w i t h our 
s s 
p r e v i o u s a p p r o x i m a t i o n s and c l e a r l y p o i n t s out tha t we imagine t h a t t i s 
so s h o r t t h a t the sys tem h a s n ' t t ime to i n t e r a c t w i t h the r e s e r v o i r and 
p r o p a g a t e s f r e e l y dur ing the i n t e r v a l . Thus , 
F , » J < k " < b ( t n ! M t V > A ( t " - t f - ^ | j t " j d t j j t ^ W t - ) B C t ) > v i - 2 4 
* < T _ * f t t o B l t r f > (>%(t\ A l t ^ - 0 e t t r t ' ^ [ M t ' - t ^ f c . - t f l j 
• t r t , t 
( a t - L L4 (< 
'o 4* 
M t v - O f > % ( £ \ © C t . - t " } t A l f - t ^ , Av(T%-TV]] 
t / t 
I t cannot have escaped the reader t h a t the d e r i v a t i o n o f e q u a t i o n 
( V I - 2 4 ) i s a t o r t u o u s sequence o f r e a r r a n g e m e n t s . Sometimes t h i s i s a 
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c l e a r s i g n a l tha t t h e r e i s a b e t t e r way to a r r i v e a t the same r e s u l t . In 
t h i s c a s e , H. A . Gersch has found an i n t e g r a l e q u a t i o n f o r U ( t , t " ) which 
can be s o l v e d by an i t e r a t i v e p r o c e s s . The o n l y a d d i t i o n a l assumption i s 
t h a t [ A ( t ) , A ( t ' ) ] i s a c-number. B e s i d e s i t s e a s e o f a p p l i c a t i o n , i t has 
the advantage o f produc ing a t a l l o r d e r s a l o c a l - i n - t i m e e q u a t i o n f o r 
p ( t ) . The awkward approach c o n t a i n e d here i s p r e s e n t e d in o r d e r to i n -
s 
e l u d e the c a s e when [ A ( t ) , A ( t ' ) ] i s an o p e r a t o r . 
For the r e s t o f the d i s c u s s i o n , we suppose t h a t the commutator o f 
the o p e r a t o r s i s a c-number. Then the l a s t term o f e q u a t i o n ( V I - 2 4 ) 
A . 
v a n i s h e s . We then f i n d by t a k i n g the a d j o i n t o f F^. Thus , 
F , - F T - f>* W | J"^ T " & ( T ' " > & ( T » A ( T " ~ VI - 25 
+ ^ J D T . F E L T L < A C T ) B < T " » < B t f c . } ( U O > D C * . - T " ) L A C T " ) , AttflAiv^]] 
L 
o 
T R T 
- [ ft 
j J D T L | J T L < 5 U " ) M t t X f t f t a B l t . f c D L T . - T " ) L A ( T " ) , A W ] AFT^ J 
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We can r e c a s t t h i s l a s t e x p r e s s i o n in a more s u g g e s t i v e form by a p p r o ­
p r i a t e l y r e l a b e l i n g i n t e g r a t i o n v a r i a b l e s ; we f i n d 
F,-K vi-26 
• /°slt> Y t" A ( t " - t ) | < B <t") B (*V> 
• o 
• ^ j i t . j i t , . < B I O BCtt>>> < B It") 6 Ct,- e t f *ct,^j j 
~" [ («"t" A ( t " - 0 j < B < « B l t O > 
By d e f i n i n g 
B t t " } ^ = < 6 l t > B ( t " > > + ^ ( j t , ( i t ^ B i t > W . t » V > v i - 2 7 
< e > u n & c t , \ > e t t . - t o t w t i > , A t t t l j 
and 
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V I - 2 8 
we r e c o v e r the s imple forms o f the Markof f a p p r o x i m a t i o n : 
F, 
A 
V I - 2 9 
o 
In t h i s c a s e , the i n t e g r a l s w i l l e x h i b i t , in g e n e r a l , a t ime dependence 
even in the a s y m p t o t i c l i m i t . The most o b v i o u s i n t e r p r e t a t i o n o f e q u a t i o n 
( V I - 2 7 ) i s t h a t i t d e s c r i b e s the e f f e c t o f the sys tem upon the dynamical 
b e h a v i o r o f the r e s e r v o i r . 
With t h i s r e s u l t , we a r e prepared t o b e g i n an a n a l y s i s s i m i l a r to 
the work done i n Chapter V but, now t h e r e s e r v o i r i s a l l o w e d to have memory. 
The e f f e c t on the r e s e r v o i r due to i t s i n t e r a c t i o n wi th the sys tem i s not 
so q u i c k l y d i s t r i b u t e d o v e r the r e s e r v o i r d e g r e e s o f freedom a n d , a s a 
r e s u l t , the system e x p e r i e n c e s an i n t e r a c t i o n which i s m o d i f i e d by i t s 
r e c e n t h i s t o r y . I n v e s t i g a t i o n o f t h e s e memory e f f e c t s r e p r e s e n t s a p r o ­
gram f o r f u t u r e i n v e s t i g a t i o n . 
Using e q u a t i o n ( V I - 2 9 ) f o r F . . - F 9 , e q u a t i o n ( V I - 1 ) becomes 
6 t 
V I - 3 0 
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CHAPTER V I I 
CONCLUSIONS AND RECOMMENDATIONS 
Our work has shown t h a t the cumulant t e c h n i q u e p r o v i d e s an 
e f f i c i e n t and a c c u r a t e way to determine the dynamic h i s t o r y o f a s imple 
system as i t i n t e r a c t s w i t h a r e s e r v o i r . The customary d e l i c a t e d i s c u s ­
s i on o f an h i e r a r c h y o f t ime s c a l e s has been r e p l a c e d by c o n s i d e r a t i o n s 
o f a more p h y s i c a l n a t u r e . We choose the proper approx imat ion to the 
e q u a t i o n o f mot ion o f the reduced d e n s i t y m a t r i x by e s t i m a t i n g the change 
i n the system dur ing a t ime i n t e r v a l equa l t o the r e s e r v o i r r e l a x a t i o n 
t i m e . I f t h i s change i s s m a l l , we w i l l o b t a i n good r e s u l t s by c o n s i d e r i n g 
o n l y the lower o r d e r a p p r o x i m a t i o n s to the e q u a t i o n o f m o t i o n . The equa­
t i o n o f mot ion i t s e l f has been c a s t in a r e l a t i v e l y s i m p l e form. The r e ­
duced d e n s i t y o p e r a t o r appears in a l i n e a r way, e v a l u a t e d a t the same t ime 
t h r o u g h o u t . 
There a r e a number o f ways t h a t t h e s e r e s u l t s c o u l d be used i n 
f u t u r e i n v e s t i g a t i o n s . The e f f e c t i v e c o r r e l a t i o n f u n c t i o n s d e f i n e d a t 
the end o f Chapter V need to be i n t e r p r e t e d more p r e c i s e l y . I t may be 
t h a t a d iagrammatic method c o u l d be deve loped so as t o d e s c r i b e the h i g h e r 
o r d e r a p p r o x i m a t i o n s to t h e e q u a t i o n o f motion in terms o f p h y s i c a l p r o ­
c e s s e s s i m i l a r t o the i n t e r p r e t a t i o n g iven to the diagrams o f s tandard 
p e r t u r b a t i o n t h e o r y . The d e n s i t y m a t r i x formal i sm i s e x t e n s i v e l y used in 
l a s e r theory and s i n c e our work i s more a c c u r a t e than the u s u a l p e r t u r b a ­
t i o n t r e a t m e n t , our r e s u l t s c o u l d l e a d t o a b e t t e r unders tand ing o f the 
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v a r i o u s p r o c e s s e s . F i n a l l y , s i n c e the cumulant i s a resummation o f the 
p e r t u r b a t i o n t h e o r y , each cumulant r e p r e s e n t s many i n t e r a c t i o n s . Thus , 
i t would seem n a t u r a l t o a p p l y our t echn ique to m u l t i p l e s c a t t e r i n g p r o b ­
lems . 
Another a s p e c t o f our work should be ment ioned; the cumulant a p ­
proach has p e d a g o g i c a l v a l u e . The formal i sm i s p a r t i c u l a r l y s u i t e d to 
d i s c u s s i o n s o f r e s e r v o i r memory. The e f f e c t o f the r e s e r v o i r ' s r e l a x a ­
t i o n t ime on the s y s t e m ' s approach to e q u i l i b r i u m i s c l e a r and the r e l a x a ­
t i o n t ime i s , in t u r n , shown through the c o r r e l a t i o n f u n c t i o n s t o depend 
on the number o f r e s e r v o i r d e g r e e s o f freedom. 
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APPENDIX A 
PROOF OF VANISHING OF FOURTH CUMULANT 
FOR FREE BOSON RESERVOIRS 
In t h i s a p p e n d i x , we demonstrate the c o n d i t i o n f o r which the 
f o u r t h cumulant o f the expans ion o f e q u a t i o n ( I I I - l ) v a n i s h e s . As i t 
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t u r n s o u t , a l l c u m u l a n t s , W f o r n > 2 , v a n i s h under the same c o n d i t i o n . 
' n ' 
As d i s c u s s e d in Chapter V in r e g a r d t o W^, we assume t h a t a l l 
cumulants ^2n+l = ® ^ o r n = ^ » ^ » • * Thus , a c c o r d i n g t o the p r e s c r i p ­
t i o n g i v e n in Chapter I I I f o r c a l c u l a t i n g a g iven cumulant , 
U , • ± Vll » ^ L d t j j t , | ' A I ( O A , ^ A 1 ( O A , W A - X 
o '© 'o ' 0 
* A . f c a A f c t O A t ( t ^ A ^ < T » B i W B l t ^ B ( t ^ B(fc,>> 
- 4 A , ( * a A , . t O A l C t ^ A i ( t ^ < B t O T x > * , 4 B l O B C O B f t ^ ) 
- 4 A , ( 0 A,W> A . ^ A ^ T ^ B t e r t b t t ^ B t t ^ B f t ^ 
B B B B 
In e q u a t i o n ( A - 1 ) , the o p e r a t o r s T
 1 2 , T 3 ^ , T 2 ^ ^ , and T _ 1 2 a c t o n l y 
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B B 
upon the o p e r a t o r s w i t h t h e c o r r e s p o n d i n g t ime arguments . T and T_ o r d e r 
a l l f o u r B o p e r a t o r s t h a t o c c u r . We wish t o compare e q u a t i o n ( A - l ) t o 
1 2 
TJ; ^2 o b t a i n e d by squar ing e q u a t i o n ( I V - 4 ) . 
t 
d t * 
t 
d t J A , ( t , ) A . , ( t i W t » W t ^ A - 2 
+2L A , ( « \ , C t ^ A J t ^ A l ( t ^ < : T _ T A B ^ B l t i 5 > < T v H b l t ^ « t H V 
- 4 A . l t ^ A , ( t ^ A , ( t ^ A , . f c f K T u B l ^ B C t ^ B l t ^ B l t 4 S > 
- 4 A , l t& A a t t > A i t O ^ < B t t * B l t j f c < T * B l t ^ B ( t ^ 
By r e l a b e l i n g the dummy i n d i c e s in equat ion (A-2) and t r e a t i n g the A ' s as 
c -numbers , i t i s e a s y to o b t a i n 
(A-3) 
+<X% &tt^B<ti>><T.^ B l t » > K t f ^ M B ^ K ^ b t t ^ ^ 
+ <"C Btt^XTw Blt^Bfc^ +<T^BtoBtQ><T^Bt$ l^ 
+ 6 A , t o A , t c M x t t ^ A t ^ [ < T J ^ 
- H A . ^ A ^ A . a ^ A ^ ^ x ^ ^ B t t ^ X B i t ^ B ^ 
+<T& Blt.\B(tii><B^B(t,\V<:Blt^Bfc,S>^:® B(ftfc(t$ 
- + A . d A A ^ A ^ A ^ ^ B ^ ^ X r ^ BfcO B(t^> 
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( c o n t i n u e d ) 
By comparing e q u a t i o n s ( A - 1 ) and ( A - 3 ) , we see t h a t W^ = 0 i f 
+<Btt^Btt s'i><ftl^6tt <ii> + <B(UBCt)\y&(t£>B(t,'i> 
We now show t h a t such a r e l a t i o n i s s a t i s f i e d i f B i s the p o s i t i o n c o o r d i ­
n a t e o f a s i n g l e harmonic o s c i l l a t o r . As ment ioned a b o v e , i f t h i s c o n d i ­
t i o n i s met f o r a s i n g l e o s c i l l a t o r , i t i s a l s o s a t i s f i e d f o r a c o l l e c t i o n 
o f an a r b i t r a r y number o f o s c i l l a t o r s . 
We e x p r e s s B in the language o f second q u a n t i z a t i o n , 
( a e +ofe ) A - 5 
Then s i n c e 
n 
we see t h a t o f a l l the p o s s i b l e p r o d u c t s o f c r e a t i o n and d e s t r u c t i o n 
o p e r a t o r s , o n l y t h o s e where the number o f c r e a t i o n o p e r a t i o n s i s e q u a l t o 
the number o f d e s t r u c t i o n o p e r a t o r s a c t u a l l y c o n t r i b u t e . Thus , 
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+ e < c T o : a . c O > + € < a h a o T a > 
We now use the commutation r e l a t i o n s , 
t o w r i t e 
But 
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< A C ? A + A > = 2 - ' ' t r { e a a a r a | 
, . pH -BH -Bncu 
ana s i n c e e ae = e K a , we can w r i t e 
K^cfcKQ^ = < C \ C v . C \ C ^ / > A - 8 
S u b s t i t u t i n g e q u a t i o n ( A - 7 ) i n t o ( A - 8 ) , we f i n d 
Then, 
< ^ a + c T > = - ^ - ^ | 7 5 K A ^ a c ^ > A - 9 
The o t h e r thermal a v e r a g e s in e q u a t i o n ( A - 6 ) can be s i m p l i f i e d in t h i s 
way. We o b t a i n 
< * < X F C V A + > ~ — L Z * 9 U > +«£cC>\ A - i o 
1 - 6 ' 
< G , O J O T C O > - < c f a > A - l l 
A-12 
1 0 0 
* - - v<a ( < « T a > * <«.«?">) A-13 
and . + 4 Z / _ > v 
A - 1 4 
Now < a + a > i s the a v e r a g e o c c u p a t i o n number o f an o s c i l l a t o r in thermal 
e q u i l i b r i u m . Thus , 
A - 1 5 
and 
! ^ — ^ — + l ^ < G T a > + I A - 1 6 
S u b s t i t u t i n g e q u a t i o n s ( A - 1 5 ) and ( A - 1 6 ) i n t o ( A - 9 ) through ( A - 1 4 ) , we 
have 
< * < x a t o > = &<aa+><0kar> A - U 
< o . c ^ £ A . Q ! " > = <«.«*•> ( < a o j - > i - < o f o > ) A - 1 8 
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and 
<6vVaoL > = Z < a V > < a o J > A - 2 2 
Using t h e s e r e s u l t s in equat ion ( A - 6 ) , we o b t a i n 
< B I O W * l t « \ > « ( l ^ T I 2 - « ^ + > W > Z " ^ * 1 - ^ A - 2 3 
I t i s t h i s l a s t form t h a t we wish t o compare t o 
< B l O V B l t a B t a ^ + <tft,Wt£> ^BCt^t,1)) A - 2 4 
The f i r s t term can be w r i t t e n 
v , / * cut. -iuiCi -Cu>Ci . . . uo"C. \ 
( ^ y ( < a e % e > * - < ^ e c f e > ) 
^ a e a e > + < < * - e > ) 
( c o n t i n u e d ) 
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S i m i l a r l y , the second term o f e q u a t i o n ( A - 2 4 ) i s e q u i v a l e n t to 
l i f e ) (<ftVV£Jo>e H v < a V > w > e 
The l a s t term o f equat ion ( A - 2 4 ) i s e q u a l to 
Thus , 
( c o n t i n u e d ) 
A - 2 5 
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+ Z . < a + c O < 6 . ^ > e ) 
By comparing e q u a t i o n ( A - 2 3 ) t o ( A - 2 5 ) , we s e e t h a t t h e d e s i r e d 
decompos i t i on equat ion ( A - 4 ) has been p r o v e n . T h i s r e s u l t i s a s p e c i a l 
33 
c a s e o f W i c k ' s theorem f o r f i n i t e t e m p e r a t u r e s . 
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APPENDIX B 
ESTIMATE OF RATE OF CONVERGENCE OF EARLIER-LATER EXPANSION 
The u s e f u l n e s s o f the e a r l i e r - l a t e r expans ion o f Chapter V depends 
upon the accuracy i n v o l v e d in the t r u n c a t i o n o f the s e r i e s expans ion o f 
U ( t , t " ) ( e q u a t i o n ( V I - 9 ) ) . W h i l e no r i g o r o u s c r i t e r i o n f o r convergence 
has been d e v e l o p e d , we can make a rough c a l c u l a t i o n u s i n g the o s c i l l a t o r 
as our sys tem which may s e r v e as a b a s i s f o r comparing the r e l a t i v e im­
p o r t a n c e o f the k = l term o f equat ion ( V I - 1 1 ) to the k=0 term. 
The c a l c u l a t i o n we have in mind i s as f o l l o w s : 
i ) Approximate e q u a t i o n ( V I - 9 ) by n e g l e c t i n g terms f o r which k > 1 . 
That i s , we l e t 
We then make some r a t h e r crude a p p r o x i m a t i o n s c o n c e r n i n g the r e s e r v o i r 
c o r r e l a t i o n f u n c t i o n < B ( t ) B ( t ' ) > t o f u r t h e r s i m p l i f y U ( t , t " ) . 
i i ) The r e s u l t i n g e x p r e s s i o n f o r U ( t , t " ) i s s u b s t i t u t e d i n t o e q u a t i o n 
( V I - 4 ) t o o b t a i n 
Us ing our as sumpt ions concern ing the r e s e r v o i r , we may perform the t ime 
i n t e g r a t i o n s and f i n d F« by t a k i n g the h e r m i t i a n a d j o i n t o f F\ . 
B-1 
AfX&W')BCt» U ( t } t ! ' ) lSi> C B-2 
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i i i ) The q u a n t i t y F . . - F 9 i s s u b s t i t u t e d i n t o e q u a t i o n ( V - l ) , 
B-3 
Upon t a k i n g d i a g o n a l m a t r i x e l ements o f t h i s r e s u l t u s i n g f r e e o s c i l l a t o r 
s t a t e s , we may compare the c o n t r i b u t i o n s to the o s c i l l a t o r t r a n s i t i o n 
r a t e s o f the k=0 term o f equat ion ( B - 1 ) to the k = l t e r m s . 
In o r d e r to proceed wi th t h e c a l c u l a t i o n , some s p e c i f i c a t i o n o f 
the r e s e r v o i r c o r r e l a t i o n f u n c t i o n must be made. Our c h o i c e i s 
where t i s s u f f i c i e n t l y s m a l l t h a t sys tem o p e r a t o r s may be c o n s i d e r e d 
c o n s t a n t o v e r comparable t ime i n t e r v a l s . Th i s r e p r e s e n t a t i o n o f the 
r e s e r v o i r c o r r e l a t i o n f u n c t i o n may be the weakest p a r t o f t h i s d i s c u s s i o n . 
In g e n e r a l , < B ( t " ) B ( t ) > i s n o t r e a l but s a t i s f i e s 
B-4 
and 
whereas in our c a s e , 
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and i s r e a l . 
The f a c t o r < B ( t " ) B ( t ) > in equat ion ( B - 2 ) a l l o w s us t o c o n s i d e r 
v a l u e s o f U ( t , t " ) o n l y s l i g h t l y removed from U ( t , t ) . S i n c e by h y p o t h e s i s 
we imagine t h a t system o p e r a t o r s a r e e s s e n t i a l l y c o n s t a n t over t h i s i n t e r ­
v a l , we r e p l a c e e W ^ f c ^ and A ^ ( t M ) by e W ^ and A ^ ( t ) , r e s p e c t i v e l y . 
F u r t h e r , a l t h o u g h we r e q u i r e t h a t t be much g r e a t e r than t c , we a l s o imag­
i n e t h a t t i s s m a l l enough t h a t the system i s s t i l l in i t s i n i t i a l s t a t e . 
That i s , 
p U t W I S i X S i l 
But from e q u a t i o n ( I V - 7 ) , 
T h u s , e W ^ 1 and we can w r i t e equat ion ( B - l ) a s 
U ( t , t " ^ ( \ + T _ * T * V J e + - T _ * T * 1 W e , 0 Mt) B - 5 
T h i s i s t o be s u b s t i t u t e d i n t o the e x p r e s s i o n f o r F^. A f t e r r e p l a c i n g 
VL and W , by e q u a t i o n s ( V I - 7 ) and ( V I - 8 ) and per forming t h e now t r i v i a l 
JL 6 J JL 
t ime o r d e r i n g , we o b t a i n 
o 
- - ( J t ' ' < & l t ^ 1 M t Y > ( d t . L t i / l B U : ^ I M t . \ > K c X S i l 
V J t - I ( c 
B-6 
t , 
c o n t i n u e d ) 
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* A l U - t O A l t t - t f I S i X S i l A l o ^ j 
* A 0 r t A ( t i - O A l t % - « ] 
t / f 
x . l ^ i X ' i i l A l ^ A ( . t , - 0 J 
+ J L a t " W ) B W ) ( d t . U t K B l t O B l t , ^ A ( t , - t } 
We have f o l l o w e d our p r a c t i c e o f dropping s u b s c r i p t s when a f i n a l o r d e r 
i s o b t a i n e d . The changed t ime arguments a r e a r e s u l t o f m a n i p u l a t i n g t h e 
+ iH t / h 
e f a c t o r s . The n e x t s t e p i s t o r e c o g n i z e t h a t t h e c o r r e l a t i o n 
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f u n c t i o n s combined w i t h t h e l i m i t s o f i n t e g r a t i o n w i l l r e s t r i c t the p o s ­
s i b l e v a l u e s o f t^ and t 2 to w i t h i n t o f t so t h a t we make the a p p r o x i ­
m a t i o n s 
and 
A L T R T ^ = A ( O \ •> t - t c i t , t , t . 
T H E N U S I N G < B C O B C T ^ ) > = < B ( T 2 ) B ( T . ) > , WE W R I T E 
F , « J A T -, = D " < F T L T " > B C T V > K I X ^ I L A ( 6 ^ B - 7 
~ { J ( D T " ( D T , D T , | < B U ' ) B C T S X B C O B L T , ^ 
- - J Y (dt" Id t , (d t e < 5 ( T " M M 0 > < I M O B ( C . V > 
* ( L V > < S I \ A * T O S + • A L < P > I S . > < S C L A ^ - Z . A C O > L ^ > 6 i l A ^ ) ( 
= J D T " B L T T > L « I I > < S A A ( ^ _ ^ J D T ' G t . j d t I ^ B ( T ' ' ) T 5 M V > 
• < < & C T O B ( T , V > ( L T ( X S I | A ^ + • A T E 1 ) T S I X V I L A M - t h h h l S M i A A \ O L ) J 
We f i n d by t a k i n g the h e r m i t i a n a d j o i n t o f F^. A f t e r a r e o r d e r i n g o f 
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the v a r i a b l e s o f i n t e g r a t i o n so t h a t ^ < K " ( D T » ( D T T i s r e p l a c e d 
t *" ° 
by \ D T , ( D T " \ 6 t t , we have 
0
 K 4 
- x. L L » Ltl B T T - ) T I ( T ? > < E ( E ^ D U . I V 
'© ' o 
By u s i n g equat ion ( B - 3 ) , we may perform the i n t e g r a t i o n s to o b t a i n 
and 
Hence , 
F , - \ = TFT^ I ^ X ^ I - A M L « < > < « I L J - ^ B - 9 
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To ge t an idea o f the r e l a t i v e importance o f the term l i n e a r in t 
3 
compared to the term p r o p o r t i o n a l to t £ , we r e t u r n to the o s c i l l a t o r 
problem. We wish to c a l c u l a t e the c o n t r i b u t i o n s to the t r a n s i t i o n r a t e 
t h 
due to t h e s e terms a t a t ime when the o s c i l l a t o r i s c e r t a i n l y in the n 
f r e e s t a t e . That i s , when 
The t r a n s i t i o n r a t e out o f t h i s s t a t e a t t ime t i s g iven by equat ion ( V I - 1 ) , 
+ (<n-i IF. - ? , \ ri> I - F j r\->>)] 
where we have used e q u a t i o n s ( V - 6 ) through ( V - l l ) . I t i s e a s i l y shown 
A A 
tha t f - L - F 2 i s a n t i - h e r m i t i a n . I t f o l l o w s that 
T h e r e f o r e , 
I l l 
The j o b , t h e n , i s t o e v a l u a t e 
and 
B - l l 
R e p l a c i n g and A ( 0 ) by |n > and q , r e s p e c t i v e l y , e q u a t i o n 









B - 1 2 d < n > f t l * > - - K ( — f t * t o 
To o b t a i n some i n s i g h t i n t o t h i s r e s u l t , we use f i r s t o r d e r p e r t u r ­
b a t i o n t h e o r y to c a l c u l a t e the p r o b a b i l i t y t h a t an o s c i l l a t o r t h a t s t a r t e d 
th 
out in the n f r e e s t a t e i s s t i l l in t h a t s t a t e a t t ime t w h i l e the 
r e s e r v o i r may have made any t r a n s i t i o n p o s s i b l e . That i s , we c a l c u l a t e 
t
 f t 
where we a v e r a g e o v e r the i n i t i a l r e s e r v o i r s t a t e s and sum over f i n a l 
r e s e r v o i r and system s t a t e s . Using the c o m p l e t e n e s s o f t h e and n' 
s t a t e s , we f i n d 
t f Z 
where we have used 
<TMt,MM .«I> « H 2 : £ < E d R > l t . ^ L t ^ \ E . i > 
The i n t e g r a t i o n w i t h r e s p e c t t o may be performed by u s i n g the same 
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r e a s o n i n g a s b e f o r e ; < B C t p B C t p > i s n o n - z e r o o n l y f o r c l o s e to t^ 
so we r e p l a c e q ( t 2 ) by q ( t ^ ) . Then, 
p n
 =
 I - ^ ? f e l t , <nl < j \ t . M i i > J d t L B 1 
° ~ t , - r < 
t 
2 m s t l ^ 2 ' m s t l ^ i 
But q ( t ^ ) = e q e . Hence , 
and 
T h u s , 
Comparing t h i s r e s u l t to e q u a t i o n ( B - 1 2 ) , we see t h a t the k = l 
terms o f e q u a t i o n ( B - l ) c o n t r i b u t e an amount r o u g h l y p r o p o r t i o n a l t o the 
p r o b a b i l i t y tha t the o s c i l l a t o r undergoes a t r a n s i t i o n in a t ime i n t e r v a l 
o f l e n g t h t c # So long as a combinat ion o f the s h o r t n e s s o f the r e s e r v o i r 
r e l a x a t i o n t i m e and the weakness o f the i n t e r a c t i o n s t r e n g t h works t o make 
t h i s p r o b a b i l i t y s m a l l , we may make the t r u n c a t i o n o f e q u a t i o n ( V I - 1 1 ) 
w i t h some c o n f i d e n c e . 
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APPENDIX C 
RELATION BETWEEN IMPROVED APPROXIMATE DENSITY OPERATOR 
EQUATION OF MOTION AND SECOND ORDER TIME DEPENDENT 
PERTURBATION THEORY 
In t h i s a p p e n d i x , we show tha t the e q u a t i o n o f mot ion f o r the 
reduced d e n s i t y o p e r a t o r d e r i v e d in Chapter VI may be o b t a i n e d by second 
o r d e r p e r t u r b a t i o n t h e o r y . In o r d e r to do s o , we r e s t r i c t o u r s e l v e s to 
t h o s e t imes o f o b s e r v a t i o n f o r which second o r d e r p e r t u r b a t i o n t h e o r y i s 
a c c u r a t e . To o b t a i n the g r e a t e r g e n e r a l i t y o f our method, one would have 
to s t i p u l a t e t h a t the r e s e r v o i r p o s s e s s e s no memory o f system t r a n s i t i o n s 
but t h a t , in t u r n , would be c o n t r a r y to t h e p h y s i c a l r e a l i t y t h a t makes 
i t n e c e s s a r y to go beyond f i r s t o r d e r p e r t u r b a t i o n theory in the f i r s t 
p l a c e . The purpose o f t h i s d e r i v a t i o n t h e n , i s not to conf i rm our p r e ­
v i o u s work which i s c o r r e c t f o r a r b i t r a r y t i m e s , but t o demonstra te t h a t 
the p h y s i c a l p r o c e s s e s c o n s i d e r e d in the f i r s t approx imat ion to the 
e a r l i e r - l a t e r expans ion a r e j u s t t h o s e i n v o l v e d in second o r d e r p e r t u r b a ­
t i o n t h e o r y . 
S ince we a r e c o n s i d e r i n g the problem where the cumulant expans ion 
o f Chapter IV i s v a l i d , we imagine tha t the r e s e r v o i r v a r i a b l e s obey the 
d e c o m p o s i t i o n r u l e ( s e e Appendix A) 
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< K M B I O B ( t O &(.t.*Y> » <&(«B(tJ iS < B ( t ^ B ( t ^ > c - 1 
For c o n v e n i e n c e , we i n t r o d u c e the i n t e r a c t i o n p i c t u r e r e p r e s e n t a ­
t i o n o f the reduced d e n s i t y o p e r a t o r 
To second o r d e r in p e r t u r b a t i o n t h e o r y , p*(t) may be o b t a i n e d from i t s 
s 
v a l u e a t t=0 by e v a l u a t i n g 
- fi<& - % (d t , t t r I A l t A B W > , f f v i ] c -3 
• t l 
- | d t , l d t t t r , [ A ( t d Bte -^LAttA 6 t t t \ f f a f l ] 
r ° , t,. 
•t /*> r*» 
V ( d t ' U J j t ^ j d t H t r , [ Afc^Btcij [ A ( t t > B ( t O ^ C A ^ B l t j ^ 
where p*(0) i s the f u l l d e n s i t y o p e r a t o r o f the combined s y s t e m , r e s e r ­
v o i r p l u s s y s t e m , a t t=0 and t r ^ denotes the t r a c e o v e r r e s e r v o i r s t a t e s . 
As in Chapter I V , we s p e c i f y t h a t , a t t=0, the f u l l d e n s i t y o p e r a t o r has 
the form 
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sa ^ > s tC& Z £ C-4 
where p * ( 0 ) = | S . > < S. | ; Z i s the r e s e r v o i r p a r t i t i o n f u n c t i o n ; H i s 
S 1 1 IT 
the r e s e r v o i r H a m i l t o n i a n , and 8 = ^ . 
We assume tha t B ( t ) i s a l i n e a r f u n c t i o n o f r e s e r v o i r c r e a t i o n and 
d e s t r u c t i o n o p e r a t o r s so t h a t 
and e q u a t i o n (C-3) s i m p l i f i e s t o 
C-5 
* o o 
We o b t a i n the e q u a t i o n o f mot ion by t a k i n g the t ime d e r i v a t i v e o f both 
s i d e s o f e q u a t i o n ( C - 5 ) : 
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By d e f i n i n g 
<Blt.^ & ( ^ > = 2 . " try E 
and u s i n g the c y c l i c i n v a r i a n c e o f the t r a c e , i t i s a s t r a i g h t f o r w a r d 
e x e r c i s e to show t h a t 
•trr IMt^> Btt>,LMt^ 6 l t » \ f f t c f t l l c -7 
S i m i l a r l y , by d e f i n i n g 
< BtttBUO Bit,") B(t HY> = Z t r r e BlOBttOBlfciiBttO 
we can show t h a t 
tr, Uit") & l t \ \ M O B I T , ) , I Mt^BlW* . L A U O B T T ^ , / 3 ^ ] ] ] ] 
-<Bl t^ Bit") Blt|>B(N)>LAlft j A L t - i > Alt,") f ^ A T T A ] 
<B(t i>Blf )B(^Bt t^ lA(^ ,ACt^A( t^ P * T ( O S A(t»V] 
( c o n t i n u e d ) 
C-8 
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+ <BCt,^&ltxW>Blt..V> L A ^ , A ( t ^ pftol A ( t O A (^ l 
- < ft lt^ B Irt B l O B(t^> \_A CtN, A t O A (t-^ /S .V) A(t*\] 
+<Bltj> BltO Bt^Blt^> £Ato , ACt^ pfrefc M t ^ A(t^l 
+<Blt.N Btt,^ Btt^Btt^ t ALrt, A ( 0 f f < ^ A ( t ^ AftOl 
- < t 5 l t ^ B ( 0 W O t AlA, p f o Alt«> A t t ^ A ( t ,Sl 
S u b s t i t u t i n g e q u a t i o n s ( C - 7 ) and ( C - 8 ) i n t o the e x p r e s s i o n f o r d p * ( t ) / d t , 
we f i n d 




p?toMJt t<*Ct^ BltY>A(t^ - I d t ^ B t o B l t ^ MtbfKb) 
* ^ ^ i J j ^ j d t H ^ ^ B l t ^ B t t ^ M ^ A ^ U ^ A ^ f>Tco) 
- < b l t ^ B t o Blt^ ft(t$ A(t^ Afal pf to Alt.) 
-< 6UV> B(OBCt)Bfe,^A<o A M /Sfo A(t,} 
+<B(t,^BlOBW B(t,>|> Att^ /tfo} MuWti 
( c o n t i n u e d ) 
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- <B(tM^ Blt")B(OBft^> A(ti A ( 0 A(t^ 
+<fc(.t^ Blti) Btf> B(t^> A ( t £ p f c A A ( t A A W 
- < & M B ( t ^ W Rlt\>f>?Lo) A ^ A ^ A t o ] j 
We c o n c e n t r a t e upon the i n t e g r a n d o f the t r i p l e i n t e g r a l . S u b s t i t u t i n g 
the d e c o m p o s i t i o n o f e q u a t i o n ( C - l ) , i t becomes 
< B t o B t t , Y > < B l t £ B U V f > I Aftjk A l t ^ A ( t ^ / 0 « ( e > - A i O A C t f t c-
* A i t d / ^ A ( t ^ A W l ) + < 6 ( « B f t i > ( < 6 f t » > N f c i t > 
v ^ M t A B l t j ^ t ^ / ' f r t A i t i A C O - ^ A l t ^ A ^ A ^ ] ] 
< B l t , ) B l t ^ > ( < B ( . ^ B l t k j i > [ A ( « ^ A t e i > A ( t ^ / % T < A - A l t , 1 ) A C t , > 
10 
( c o n t i n u e d ) 
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+ A(t^ f>sV> A(tV>Alt^]/ +<e>tti>B(t^>[<5ltl,>Btt^> 
*<Blt^B<t1S>[A(t^/3Ji:^ACt:^A(ti) - p^AWAtt^Afc i 
* < B t t ^ 5 l t M ^ t ^ p?(p) A(t^A(W - A( t^ A ( U 
x[Att^ f v W l t ^ A C O - Att^ACt^p^W Alt,\"l 
*<Wti>B(t&[A(ti fitA Att^ Alt,^ - f f ^ Atoft A(tM(ti\Jj 
The n e x t s t e p i s no t o b v i o u s from a s t r a t e g i c p o i n t o f v i e w but i t t u r n s 
out t h a t we need to f a c t o r from each term an A o p e r a t o r whose t ime argument 
i s c o u p l e d to t in the c o r r e l a t i o n f u n c t i o n s . For e x a m p l e , in the terms 
p r o p o r t i o n a l t o < B ( t ) B ( t 2 ) > , we f a c t o r A ( t p to t h e l e f t . In t h e terms 
p r o p o r t i o n a l t o < B ( t 2 ) B ( t ) > , we f a c t o r A ( t 2 ) t o the r i g h t . In the p r o ­
c e s s , we add whatever commutators t h a t a r e needed to t a k e i n t o account t h e 
non-commut iv i ty o f the A o p e r a t o r s a t d i f f e r e n t t i m e s . We o b t a i n 
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BCttBlWV A(t^[<B(.t,">Btt^> [Att^Att^ filth] 
<B(«B(*iJ> A(taf<BW>Blt«i> LW*^, M t ^ f i ( A \ 
-<BCt^ Btt.S> LAtt.\ A W0 j 
<Bt^Blt3^>LACt,\ N . t i > f ? & ~ ] 
-<Btt^Bltt>>[>(0> ( t fU A ( t , > ] J 
+ { < B t t ^ B l t , ^ [ A ( t , \ A l t i Y l 
- <Blt,N Bte^>lA(tii, A&yF« i i l ) < k W > AW 
+<e.lt>»BLt^><B^B(t4N> tMti,Atfc»SlACtflffo -<BWBUiS> 
( c o n t i n u e d ) 
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» < B ( t 4 B t t J > l A ( 0 , A < t 4 l / C t f o A f t A -<BH?ik&(t,V><Btt1 ,>5(t,V> 
« L A t t ^ , A U J l Mt^p%(A + <S ( t£B ( * A ><B < t 4 B ( t& lA<g ,A& 1 > | 
•<B ( taB<t«\V<&fcaB ( t»MMti\A<£ 4 SI WtfrfFto - <Btt^B<t4> 
« < B ( t A W j t I ' i > lM* , \Al*f t l f»?W> A(t^ + < B t t , > B < t « ' > > < & ( t , , > B l t $ > 
Att«fl A ( t ^ - < B f c ^ & { ^ < B ( « B f t ^ ^ . \ ^ A ( t ^ < > ) 
- < B W>BtoXBlt , '>Blt& [A ( t£ /k ( t t3A4t t / t T «4 + < B t t A Q ( i t & < B ( t t B ( f $ 
* l A t t f c A W i | f f o A & A + < B ( ^ B l t ^ < t , ^ ( t t 1 > ^ > ^ t ^ ) A ( t < , 3 ^ W A ( t , , ) 
T h i s e x p r e s s i o n i s to be s u b s t i t u t e d f o r the i n t e g r a n d o f the t r i p l e 
i n t e g r a l term o f e q u a t i o n ( C - 9 ) . The r e s u l t i n g c o m p l i c a t e d form may be 
c o n s i d e r a b l y s i m p l i f i e d by j u d i c i o u s l y r e l a b e l i n g v a r i a b l e s o f i n t e g r a ­
t i o n and combining terms where p o s s i b l e . The end product i s 
o 
( c o n t i n u e d ) 
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o 
- < B F C A B T « > < B T T A B L T F I ) [ A F C \ A F E T F L J ^ 
k | » » " » 
"o ' o ' o 
o ' 0 'o 
But 
fit* 
i s the f i r s t o r d e r e x p r e s s i o n f o r p * ( t ) and to the a c c u r a c y d e s i r e d , may 
s 
be r e p l a c e d by p * ( t ) . The t r i p l e i n t e g r a l s c o n t a i n p 1 ( 0 ) which i s t h e 
s s 
z e r o ^ o r d e r approx imat ion t o p ^ ( t ) and s i n c e t h e s e terms a r e a l r e a d y 
s 
s m a l l , we may a l s o r e p l a c e i t by p ^ ( t ) . Then, 
s 
X , T 
^ = - £ R [ M T \ , P ? t o U t T A T T ^ { < 6 i t ^ B ( 0 > C - u 
(t (** 
•7> 
( c o n t i n u e d ) 
1 2 5 
which i s i d e n t i c a l to t h e i n t e r a c t i o n p i c t u r e r e p r e s e n t a t i o n o f the equa­
t i o n o f mot ion f o r the reduced d e n s i t y o p e r a t o r as d e r i v e d by t h e more 
r i g o r o u s t rea tment o f Chapter V I . 
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